ol±*JI uL^ 

♦ 



^ ttu 1 1 |j jo*^ 



Trigonometry 

by 

Frank Ayres 
Robert Moyer 

English Edition: Copyright © 2002 by The McGraw-Hill Companies, Inc. All rights reserved. 
Arabic Edition: Copyright 0 2004 by International House for Cultural Investments s.a.e. All 
rights reserved. No part of this publication may be reproduced or distributed in any form or by 
any means, or stored in a data base or retrieval system, without the prior written permission of 
the publisher. 

International House for Cultural Investments sa.e. 
8, Ibrahim El-Orabi St., El-Nozha El-Gedida 
Heliopolis West, Cairo, Egypt 
E-mail: ihci@link.net 

oljLi^U UjJI jlJdJ 3jaM g-r *2004 © gk)t JjSl oyJ! iJJI 
J* iiil jt Nl dUS J}U j\ j\ iXllC* jl Vj^I ^ **.> i5^i 

. ^. f . £. 5j_aU3I . • JU.UL! ^ . iW-l am y}\ . ^I^Jl ^1^1 8 
(00202) 6221944 : 6222105/6221944 : 0 >JL".i ^UJI / y > jj^jl* 5599 : v . ^ 
ihci@link.nei i^Jj^Iju^ 



2003/9481 r^lflj 
I.S.B.N: 977-282-145-7 



SulsJl U^J^juj 2llu^*]I U^^j^juJl 

C++ Aj±440U>jJ\ 

JAVA2JOj2bMjJt 



4 — b JUj jj—JLSoi ^^^.j^ ft— (j-^jj. i^—^' J-**^ Jj^— " 

oL-sA>JLo (jljJJu ui" 4^Uj UAj* jAJ . LjULwJJ Aj.^^j J— »jJ Jjl^ 

* 

^-AjiJ ioUll ^jIjuJJ ijjUxil oL^>IjJJ JajJI *J 

i-juUJ ( _ r Ja)l j-^yJ' JJlJ UU*jI iSj^r^d ^ IrJ* 

^ -jy-UJI jJL>«jI O^J 4_juL>- jui ^^jj^)L£JI 4_>«jJ 
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7 l£lluhjj : JjVl cMl 

17 <uwi ui|}u Utiti jijjJi : <piin j^i 

35 ojUII SjjIjU UtiiU JljJJf : 4)11)1 Juti! 

51 3UUA utiulaj : gljll Hi 

67 ... 2u*jl! 5jW! Ujjlf JljJJ J!>£VI : ^Uifl J^l 

75 4jj1jX\ JljJJI ulu*i«j uljrjii* : jyjLJI J^l 

89 uOjUxUIj IpLftl utiiUll : gUII J^l 

93 jQjjji Utiti jijjji : 

101 .. Uffjii u^ij ^wij ^piji : j^iut juiii 

105 wm uuiii : ^uii j^i 

117 diiti 5^u* : ^Lfi ^bJi Jm^i 

123 Sdui&tft ILuiili jijalt : >U uJiiif 

131 XAltl u*M\ : iJ&l J^l 

139 (^/tfjddauj) Wall uUlWl 4*j14 



Angles and Applications 



Introduction 




b$» u-Ui ✓ 
alpjll 5yW ^Ijftl Jljfai ✓ 

i^HI ^ j^lj y> US' olilaJI ,Jp 

,yUS3l Ilk ty*yjy—i\ oliliJI 
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^ U j; .mfct ^jJu lJ^— j (Trigonometric Functions < JljjJ! 

IjjJ L^j! JljjJl 0.L* c^wJb'j .i—JU^Jlj O-^Ulj o-L*JI ^jip 

* * 

Plane Angle 4j$14I ^1^11 

j^pL^ i-i J-^-ij 2r^j-» US' xop ijjx-*Ji 




i-i jsa 



^ jl^jjJI oLjj*i*l jlSMi) 4JL»j apLJI ^Up jij^ oUii'l ^^i^p 
.l-2(b) J£i ^ iJL-j l-2(c) j l-2(a) J£i ^ JL^ i^l 
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(a) 




Measures of Angles UljjJI ^Ui 

ejjl— j. s^—Jb ^y) JojSy ijljJ ^-Li SJb-jf (°) irjJJI *Jyu' 

.Sy'ljJI ^ 1/360 
j I oUiJdl 1/60 = (") i-Jlill ^orjjJI j-js 1/60 = (') UjjJI 
JpLJb JJ i^jjJI ^ ^j-ijJI j^-fll Jj^*j JUp .irjJJI <y 1/3600 

V-r^ C5- 1 ! H a- 4 'j* ^O 5 ' J! V/ 5 tfA^N ^W 1 
^LjjJl Jj>j y-S' J I LljjJI ^ylyj jplu Jjj»j -Upj .iJl? 



Example 1.1 :i.l JlU 

(a) 62.4° = 62° + 0.4 (60') = 62°24' 



(b) 23.9° = 23° + 0.9 (60') = 23°54' 

(c) 29.23° = 29° + 0.23 (60') = 29° 1 3.8' = 29° 1 3' + 0.8 (60") 

= 29°13'48" 

(d) 37.47° = 37° + 0.47 (60') = 37°28.2' = 37°28' + 0.2 (60") 

= 37°28'12" 

(e) 78°I7' = 78° + 17760 = 78.3° ^ J\ i>) 

(f) 58°22'16" = 58° + 22°/60 + 16°/3600 = 58.37° ^ J\ i>) 

JUj-^^JI JujT^i ojijJl j-ft 4jL cij-iu. (rad) ^.JufcM 

.1-3 JSLi ^1 .o^ljJl ^Ls cjL*> tfjl— i 5 ^ y o<yl 




1-3 Jtt 



4_jj^y» Sj-JIjJI ^ ^flsaj r jl 2«r = o^IjlJI Jx^a 

,40 .360° UjIjuu 
57° 17'45.= 57.286°= 1807* = (^b) 1 .-. 
rad. 0.107453 rc/180 = 1 j 

n = 3.14159 I jl ^ 
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Example 1.2 (a) 7/1 2 n rad = (7jc/I2)(1 807*) = 105° : 1.2 JUU 
(b) 50° = 50(71/180) rad = (5n /1 8) rad 

Arc Length jujti\ Jjfa 

^jJliJI ^.JLiJL> 9 Lftjljuu a-jjS^ ijijj <r U^laii ci*^u syb 
:0 ij^^Jl 4>J^ iJu^Jl 5 ^yJl J^t j^i 1-4 JSLi radians 
* = r0 
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4_>jSyi 4_.jlj) l<># 30 U^3 uLtfj syljJ J^L (a) 1.3 Jli* 

I^b ^yb 1/3 UjlAifl 

Example 1.3 (a) On a circle of radius 30 in, the length of the arc 
intercepted by a central angle of 1/3 rad is: 

J = r 0=3O(l/3)=lOin 

Ubjljiio 2_>j£ jA '<L)j\^ all J^J? .'iyljJl ijJj ^Js- (b) 

> 50° 

(b) On the same circle, a central angle of 50° 
intercepts an arc of length: 

j = r0=3O(5Jl/18) = 257C/3in 

oj^ji o>jidj juijftri jijbi 

Lengths of Arcs on a Unit Circle 

.1-5 JSLiJlA*^ J*VliLB UjS^^yJI + 5jb-jll syb 



-2 




1-5 jSi 
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(1.0) 












o ■ 










K 
























(b) 




(c) 





1.5 Jtti (jjQ) 

JJLij jc— s^ju) jJb IS (1,0) iLiJL iljLP^I ia^ ^Js, ^jJko 0 yUaJI 
jljj^ Oj-jIjJI lj-J^p <»w>^o 4-*»^aJI <JL2s*}\ ilJiP^II . l-5(a) 

(^JLp 4_^*j« iJLJl ^u5JlJI ilJtpVlj .l-5(b) JSli XpLJ! ^jUp 
(^Jp i-kiJ JJj . 1 -5(c) J-SLi <pLJI ljjUp jljji dUjI ,y s^IjJI 

^jjj tc= iij-JljJl Jx^ (2tc ^a) .2nr o^jUJIj pjLwJI syljJI 

,J S^jljJI j-jo ^-jJili JjJ» Jjli v^J* • 7c/2= 
0 i-jjljJI JjUl ^jJL**- iJL-P J-Sj j = vQ — 1. 0=0 j^UJI 

JjLSj yJL— ^JLi*- iJLP J-T <Jj->l j^>J .^IjJI.^jJUlJL 

.(^^iil Jjl? uJL) 
.JyMjJI ^.JL&JIj ^jiU iJUl Ajjljl! JjI* 4il ^1 
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Area of a Sector fcUatfl fc-U* 

0 4_ ijT ^1 j-jJ^l Ojljj r uL^ai o^jii) K ^LLiiJi i>-L-* 

= s^ijiiJ ^Uaiii iu-u* :oi 



j^iLs oJo-j c^**>> <>-LwJI 5Ji>-j jUjji ^yb p ILiit i>*L*4 j-Li SJl>-j 



oijJLsoj 1 18 cm Ljb^iai ui_*ai SyMjJ ^UaiJl i^L^o Jb-jt 1.4 Jli* 

.50° Ujl,uu JiijS> ijlje 

Example 1.4 For a circle of radius 18 cm, the area of a sector 
intercepted by a central angle of 50° is 

K = Va r*6 = % (18) 2 5tc/18 = 45 ji cm 2 or 141 cm 2 (llyfr) 
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Angular Velocity fej^JI 

(U^ji ^ ^Jl ^ij^* ipjJIj v iJa>JI a*jJ\ ^ iji^UJI 

5JL_?-j3 j^^l SJl^^J JL-JL ^yljJI ^JLiJlj £0 ^L* 5Jl»-j jl 



4. „,;|L J^ll 



irlji 1.5 JUU 

Example 1.5 A bicycle with 20-in wheels is traveling down a road 
at 15 mi/h. Find the angular velocity of the wheel in revolutions per 
minute. 

ipL-»/j-wO 15 i-Ja>Jl ip^^JI Jjj>o e->*J LiDD iiJi/oUJJI iJLw 

.in/min iiii/i^j, bJu>-j ^1 

v = 15 mi/h 

= ( 15/1 )(mi/h)(5280/l )(ft/mi)( 1 2/1 )(in/ft)( l/60)(h/min) 
= 15,840 in/min 

fi)= v/r = (15,840/10)(rad/min) = 1584 rad/min 



v. a ./i> Ojlj J-S3 iiJ l / 2 7C ^ ^f^^^ iJL * ^! w Jii»^ 

.(r/rad) 

0= 1584 rad/min = (1 584/1 )(rad/min)(l/27i)(r/rad) 
= (792/ji)(r/min) or252r/min 

j-p sjL* ^jSii ji jL^pL i.i i) jl^w* i]L** 

JLft-i 36° Ubjljiiu 4ijlj iLfcJ ^jljJI JbJI JL^ji .J^ 3960 

Solved Problem 1.1 Assuming the Earth to be a sphere of radius 3960 
mi, find the distance of a point 36°N latitude from the equator. 

36° = n/5 rad, s = r0= 3960(^5) = 2488 mi. 

3L-Jlj J^lj JjJ, L± ^ jL^ui* jt^Ju 1.2 3J jU* iJU* 

.^JlJl j jyill J^jl .J^ 270 U^JLo 

Solved Problem 1.2 Two cities 270 mi apart lie on the same meridian. 
Find their difference in latitude. 

j 270 3 
6= =T7rad or 3°54.4' 

r 3960 44 
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Uljjl) U2tt JljJdl 

Trigonometric Functions of a 
General Angle 

Will uluIdH ✓ 
UljjU ^LSN £4*11 ✓ 

bui utj^u Utiti Jtjjtlt ✓ 

jijju i>Jji\ uiji^yi ✓ 

hxij\ bljjU jljall ✓ 
Sup-^l i>b fa^w yk (22 jm uUjIJ^I ✓ 

Coordinates on a Line >u£u4l kail uLulUH 

.k_JL-. j-»-T oLso'lj v_^J«-^4 oL»ul <J n j.5v,.< Jai- _jA 4>^i»JI JiiJI 
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SJL-^jj J-^Vl ikij ^yft-J' (2-1 JSLi) 0 ik£ *>^JI ^Ijlp^I 

.04 = 1 ^UJI 

C 0 A P, P, J 

H 1 1 1 •— I 1 • I ■ 

-2 0 1 x, *, 4 

2-1 

OljL->-J 4 5 4 lafli jlj h> ^LaJI life 

Xi-LiJI jwo y^^Jl oU^I y) 0 ik& ^-aj. ^1* 
4>l U .(o * Ls-U ^ ^JLJI •L-tf'fl ^J) 

0C = -2 Sj-iLJI abIwJIj 0fl = +4 o^iLJl 

jJJ ^.g? ...J I ia_>J! oLm'I Jb Jtxj iJU- y AjI ol r«Ar 

d\ j\ CO -VI SjJiLjJI 4aL*-Jlj j^Jt^JI Ja*JJ jJi^mxJI v^^JI 
.£C = 50 + 0C=-4 + (-2) = -6 j C5 = CO + 05 = 2 + 4 = 6 

Coordinates in a Plane tf>L4l ulJldb-l 

jiLii* j^Ij j-^-^b y^ UjbljL^-l (axes) (jjU-Jl ^y-^) 

J£-£JL> y* US' y J£J y^^Jl eUi'^l 01 

ob*-JI jj-^hu* jl y&Ml j^aAJ j^a-JI ol*«i'l y 

y oJ^lj ^-Li o-b-j jlciJ jl 
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JjJLj f>i^< 1,3:11 jaLJI ^IJ^V^ f^u> (2-2 



Y 




2-2 



L5"^ JlV j! tfj*-*^ jjU«JI p-Jii" 

plijl .1, II, III, IV ipLJl ujjU* jljji oU>o-| ^fi 
.2-3 J£-£j i>t-^j* 





Y 


II 


I 


(-. +) 


(+.+) 


0 




III 


IV 


<-.-) 


(+.-) 



X 



2-3 JSS 
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Angles in Standard Position UljjU ^-jLuJI J^l 

^ OjljJ! jl JLJb oJLoUxJI oUIJ^)ll 'it>y*>uA A~J\j 

oji^l j I First-Quadrant Angle JjVl ajjIjj ijljJl ^/^j 

^ £b ijl^J ^UJI ^Ul j£, Uoip JjMl gjl ^ jj| 
^Jl Ujj ^ -330° ,59° <30° Uij^l JbJI ^ g^l II* 
-119° ojljJI ^Ul ^jjl ^ gSr 119° ijljJI ,2-4(a) J£-i JjVl 
J^i ^yi ^Jl Ujj ^ 710° ,-10° UjjJIj v^Jlil! C JI J 

•2-4(b) 
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(«) 













-10° 







(b) 

2-4 JSi 



:»JS3 ^jUJt jJuiJlj ^Liil j-^yi <y j^jlj jjft Ujup 
< Co terminal Angles jliilLw jl Jl* ^LaJI J* jJaij. 

^Ijjj j> 710° i-10° iijl^lj -330° .30° ijljJI JliJI Jpj 

.o^UJI ijijJi 360° ijl^l oUpUw 

Uj;)I J ^ iilkJI llj^l Jfj 270° ,180° ,90° .0° Uj^l 

.Quadrantal Angles a-ju^I 
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blj)U llutitl JljdJI 
Trigonometric Functions of a General Angle 

JijjJI 01s .ijl^J ^jUJI gUll ^> glr />(*, y) * (0, 0) 

ordinate tpLaJI ^Ijl^^I 
sinee = sine= ftp**** = JJ\ = 7 

abscissa u*^^ * 

hypotenuse ~ y^J| ~ 7 

ordinate _ cpUaM t/'-^V _ X 
abscissa ^Ijb-^ll x 

abscissa _ _ £. 

" ordinate ~ ^iUI ^lOa-^li " ^ 

hypotenuse yfl _ r 

abscissa ^j^-Jl t/^V^ * 

hypotenuse j>fl [_ 



cosine 6 = cos 0 = 



tangent 6 = tan 9 = 



cotangent 9 = cot 9 



secant 0 = sec 0 = 



cosecant 0 = csc 0 = 



A^akJI oUWI Jury iUikJl y^-Jl oigJ S-juJ» 
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sin 6 = 1/csc 6 tan 6 = 1/cot 6 sec 9 = 1/cos 9 

cos 9 = 1/sec 6 cot 9 = 1/tan 9 esc 9 = 1/sin 9 

aJIjJI <y ^1 JUjcl-^I i*iLi ^kJI JljjJl 
i/^ 4^-1 1 JljjJI jl 2-5 JSLiJI ^ ju^ljJI 




.r=0 J^l ^ P ikiJI Jbu 




(b) 

2-5 Jtt 
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(c) 



-4 


Y 










N 











2-5 Jtt jjG 

JljJdl Wpi uljlSVI 
Quadrant Signs of the Functions 

^Ujl ^ i-JdiJI JIjJlJI ijlilj llib r ijljJI 4^00 

^ g-^lj ^jb .j-u JS' ijihJI Ji^jJJ i-j^JI oljLi)ll 

.2-6 JSLi 
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Y 



II 


I 


tin 0 - + 


All + 


OC0- + 




0 




III 


IV 


Un 0 - + 


coi0- + 


cot 0 - + 


iec0- + 



X 



2-6 j*a 



JULP 4J| ^1 L*Jti\ jjJj 4— «^Lu» ijljj isihJI JljjJI 

Lr _ i ^jjaju I— S-XP giLjl Uj£j ifl^Uo AjdLU iiljJ Aj^ljJI iUo J 

4aJ j^s sin8=V 2 tOtf lil JliJI ^ .iCdbJI iJljJU <A-Ji)l 
o^j ... ,510° ,390° ,150° ,30° ^ o%JI JJUi" ^1 0 

•jl>>Lsl-J .150° ojljJIj 30° ijljU ^jUJI ^JUJI 4JjJ 

•^ii^ 4J ji\ gj\ JbJbJ JUP SJpUJI 

lujll Uljfttt lUtitl JljJJI 
Trigonometric Functions of Quadrantal Angles 

^jUJl jJuJl ^Utf W W,Jl Uj^] iL-JL 

^JUill JjL-Lj Jlidl J**-. ^^Ip . U^yu ^£aj ^ ix*JI JljjJI 
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d^i cosecant ojljJI pL*j £^l-b cotangent i>j\^\ pUj Jl» ^j~dljdl 
^ju undefined iiyu aJIjJI jl ^^-jcdl pi l*«zJ ^ tJ^- 

.COt 0° =±« ^p-^i ^^aJIj COt0 o = ooi\X 



0 ^yi 




yjii 








Wi 


angle 6 


sin 6 


cos 6 


tan 6 


cote 


sec6 


esc 6 


0° 


0 


1 


0 




1 




90° 


1 


0 


^> 


0 




1 


180° 


0 


-1 


0 




-1 




270° 


-1 


0 




0 




-1 



Undefined Trigonometric Functions 

jl ^L-l ^ A3ym j** SCS0° «COt0° iJLluJl c^-JI jl i-lji 

iJdbJI JljjJI A^Ji j± ji* JJbJI 4*-Ji)l 

ijjlj jl g^jj. 2-7(a) JSLij .pLjy^L o^J^r yU«aJI J* l-j j£> 

<COt 0 = J</>> 4jJLbJI A^JI j^S ^L^l (Jut r JbJI ^ }US J-£>J 

^ JJfc'.G ojlj jl ^j-ii 4-j>- ^oj o g+ii csc 0= r/yj 

.r j_A 0 4_Jaii J— 4 P 4_Ja£ Jlju Jlj L* jJ3j 0 4-jjljJI oL*jl 
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y JuJt J-JL LoJLo r JljJI Jsl JL> -c53^ Ju^. jc JbJI j^ij 
p-^j" cot 6 j esc 0 ^LibJI i^^-jJI < y> jS\ <u£Jj 

Ujjlp esc 0 p-J' r= 1 jl ^j-ii v±JU3 C»Lj)Ij .^Ij ^1 

o o+ j-o e ^1^-51 julp aJUII oJub Cy=o.i > o.oi, 0.001, ) 

.cot 0° = +00 j| Ijjfcj +00 yt coiQ s& 



0 




(a) 



Y 




^ 0 4->Jj 2-70) y> US' JUI ^>ll 

AjdUuJI y ;.l 1 O^i ^L/^l 11a ••jl*** iiiJLLo 

jl ^j-flj .ojL-i^l aJL— j 4-ilLJl 4,_4.,lH e ^i' ^ ? >^v cot 0 <csc 6 

0 p akii juu jijU jS3j .0 iojijJi oU«ii jii* 0 ijij 
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JuJI J-J5j Ujlu r JbJI JS1 JL. <u£Jj Jbjj x -bJl j'Jlj r 
cot 0 <csc 0 i-jdiJl < r «JI j^i lliufcj 4-JikJI aJLJI i*-Jill > 
julp aJUJI oJla .iilLJl iJLJI 4a^a1L> ^uflj ^1 ^-w* 

.COt 0° = -00 j| j^Aj t liaj -00 y cot 0 ^ j£i 0°~ ^ 0^1^! 
^ COt0° = oo j COt 0= -00 O^UJI ^ = ia^U flj&oJ 

^-^al^o j_^oj l^JL^Jj OJLP 00 io^U-j iiycfl ^ COtO 0 iwdiJI 

.aL~*j iiywJI ^ \Sj**^ 4«*te*JI JljJlII j^jj 

J\ 0° j* ^yuJI j>* JljJJI iJLJ» 

.360° 

Angled Function Values aJUI 



0- 




cot $-> 


+00 and esc 0 ~* +» 


0- 


<r 


cot 0-» 


-00 and esc 0 ~ * -» 


0- 


90" 


tin 6-* 


+» and sec 0 -» +» 


0- 


90 o+ 


tan 0-» 


-ao and sec 0 -» -» 


0-> 


180°- 


cot 0-» 


-w and esc 0 ~* +« 


0-» 


180°* 


cot 0-> 


+00 and csc 0 -> -« 


0- 


270" 


tan 0-» 


+» and sec 0 -» -« 


0-» 


270 o+ 


tan $-* 


-» and sec 0 -» +« 



Cr* ^ WjM »ll tr^' l80 ° + W/Hj <i~^J1 4.....;.U ^>^JI iJbJl 
JJL-JI ^0 J5I IJ iiJL«JI ift-JiJI jl - iJLJI ojli)ll .180° 
.90° y Jil iijl^l jj 90°' ,ls\u\\ wll 
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qO^I 5^ j2j u21l tiuJI uLutJH 

Coordinates of Points on a Unit Circle 

iki^ (1,0) aLaJI ^IJlp^I JULPj .0 4j --r Ls uUoj ijljj ijyco j <d^L 
JSLi* £*y> ^j-jiLU il^j iki^ Pfoy) ik&j j 

< yuii*JI xbJ! il^Ju /> ikfcll oUIjl^I j^JbJ jSLw (2-8) 





2-8 Jtt 
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C~>- sin 0=y/r j cos 9=x/r SJb-jll yb ^J* ijlj 4-iliJI ^~J1 
cos 0= cos j = x/1 =x iLikJl ^^-Jlj s-rO-B J^Lj r = 1 jl 
J^k J j ^^ajUj' P aJ*aJI JbJb«j ^£ajJ .sin 0=sin s-y/l = y j 
4_5}UJ1 A-;b^ j-^Ajj ./'U ?) = P(cos 5, sin 5) iiJa— I^j s 

iJUJI ojj-^JL oJL^l oyb Ja^a** P 

W{s) = (cos j, sin s) 

g«aj .SJb-^Jl S^b Jx^ = J jl ^1 f = 71/2 £>j£j loJUPJ (1,0) 
Jxc>*aJ1 JjJ>J (-1,0) ^ iLiLJ! g+aj S = K JLLPj (0,1) ^^Jk ikiJ! 

Ijr'SII JjJ^J^ 2Uw»j4 ^1 oIaj (0,-1) ikiJL s = 3n/2 



s 


toy) 


COS 5 


sin s 


0 


(1.0) 


1 


0 


tr/2 


(0, 1) 


0 


1 


ir 


(-1.0) 


-1 


0 


3fl*2 


(0. -1) 


0 


-1 



Circular Functions JljdJI 

cos s, sin s AftilaJI JljjJI £jj * j-j* Jj^ 
<-JLi>- il-L-p| 5 icosj j-o JSj ;.SJi»-jJI ©yb 

^^-jj Ai^ljJI 43ljJI (*,COSj) iJljJlj «Jyuj 

j, sin j j* J** jtt tf^I j^J •^j'* f^J 
oyljJI iJljJI i'j (5, sin 5) <JIjJIj Jyuj iuLi». jIjlpI 
cos j, sin s ^ J£ jl £^ i^ljjl JljjJl L y ft — j" JljjJI oJlaj .ijljJl 

.•Jb->)l yljJ oLilJb-l ^ 
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sin 0j cos 0 iJJbuil JljjJl ^9 sin cos s ^yljJl JljjJl ajL^j'j 

{ jJS' s j*y&\ J^I*j \M lO*^ cr - ^^ 

(j,sinj)j (j.cosj) iyl-OI Jlj-ili iol^il oljjjA-J! j^j .SJb-^Jl S^5ta 

.cos j j sin j i^Jb ^y-Vl JljiJl JS* oLyu 



tan 5 = for s * — + *;r ***** k o\ 

cos 5 2 



cot 5 = for j * kn ^f^ 9 ijp * ^ 



jinj 



sec j = — ^— for j * 1 + kn r?-* k 0» t~ 
cos j 2 



CSC s 

sun s 



tin « k — 



4aJ isikJl JljjJI jjft LjL>- iiyu iyljJl JljjJI Oj& 

.4iyu ^ iJdiJI JljjJI Uju* j£y ^1 JuJiU 5^L» illjJI JU* 

.iuLiJI il-ubU iyljJI JljjJIj ijlaS uUflJI Uj^lJ 

JUJbd SJuoUcyJl oLolJb-)fl 4_pjajj^ ^ J£**J 2-1 S) jJLnj» a)L%a 

,0(-3,4) M(1.2) J_£J r JL>-jl J*LaJI 

.2-9 JSLij .0(4,-5) <C(-3, -*/J ) 
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Solved Problem 2.1 Using a rectangular coordinate system, locate the 
following points and find the value of r for each: 2); fl(-3, 4); 

C(-3, -3 S ); D(4, -5) as shown in Figure 2-9. 




For C:r= V* 2 *^ = V9 + 27=6 C iLid IL-Jt, r *M 

For D:r = V* 2 "^ 2 = Vl6 + 25 =751 D ^ JL-Jl ' -M 



,385° «-15° «210° ,125° i^lkuJI Ul^l ^ JS* JL^-jl ^1 

.2-10 JSLij ^y y> .-870° .-955° <-370° -930° 
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Solved Problem 2.2 Construct the following angles in standard posi- 
tion and determine those which are coterminal: 125°, 2 10°, - 150°, 385°, 
930°, -370°, -955°, and -870°, as shown in Figure 2-10. 




125° = -955° + 3 . 360° .^^1 Sjj * jl -955° = 125 - 3 . 360° 

:jl £^>- L^.bj ^ 870° ,930° ,-150° ,210° UjjJIj 

-870° = 210° - 3 . 360° j 930° = 210° + 2 . 360° ;-150° = 210°- 1 . 360° 
^ ^JJ 385° Jj^l C JI J ijtj JJU ji Jb*i 2-10 JSLiJI 

yjjll £• jUlk,. ^ jbjlj Uaj -370° ^ gl^JI gjl 

liu r^l o^Ull ,y 0 ijlj jii' ^ 2-3 aJ j)*u> i)L^ 

fLoj* jj-So. LoJulp (6) ?Ll^o ^jljJl Ujllp (a) 

jj_& L*jup id) flllL*, i-jjIjN Ujo* (c) vCJL, ijljJI 

Solved Problem 2-3 In what quadrants may 0 terminate, if: (a) sin 0 is 
positive?; (b) cos 0 is negative?; (c) tan 0 is negative?; (d) sec 0 is pos- 
itive? 

:J«* 

jc ^rj* y jji sin 0 ^LiiuJi iL--JI jl (a) 

y <JL* at i^Jj jj_i <iJL, cos 0 iLiiiJl 4.-;ll ji d*-^ (6) 

g^JI ^ ijljJi j^ * 4aJ yu-^j •Vry j? <JL-< Uj j^& 

<u-ij iJL, j^£j" x aaJ) jli <IJL tan 0 ^LikJl iL-jJl jl ^»>.>- (c) 
<JL— y Oft-ij Oj-Si" jt A-^-i jl ^1 j-ioJl ^1 **>-y y 

y j * ^ v?* ,>* sec 0 JLiiiJi i*-Ji jl (</) 
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ojLpJI ajjljJU ILuftl JljJdl 

Trigonometric Functions of an 
Acute Angle 

5< iUJi Sujljil iuliil JljJI ✓ 
jU4l»l jrjiyljlJ Zutitl JfjJJt ✓ 
60° j 45° ,30° "Wjdl Ulj^J Jljjfl ✓ 

"*uiai jtjjJl ^ ✓ 

Jib yi JliJJI jb>l ✓ 
jiliaftlj fctfolfl bljj ✓ 

oiWI IpljU lu&\ JIjJJI 
Trigonometric Functions of an Acute Angle 

JSp/ j_» C jB .A iJ^liJI ^.jjjj ^.,1^,11 tjijyo' 
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Jitii- jl\ ±kJ\ £5Ulj C=90° ijljJlj C jfl M ^ dJjuJI UjlJj 
^ja— a ^JUaJl 4-*jljU jjLkJI ^JUoJIj ^JUJI 4j_jI^JJ 





T 

3-2 jsa 
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:jrL ijlj3l pjUJI ^JbJI 



sin A = 



cos A = 



tan A : 



cot A = 



SeC>4 = 



CSC A : 



opposite side 


JjUJI 


a 


hvnntpniiKP 




c 


adjacent side 


J<UJt 




hypotenuse 






opposite side 


« tl 


a 


adjacent side 




= r 


adjacent side 




_ 6 


opposite side 


A" 


a 


hypotenuse 




c 


adjacent side 


JjUuJI 


= /T 


hypotenuse 




c 


opposite side 




a 



Trigonometric Functions of Complementary Angles 

jl 4_-b^ L_,ljj ^ ABC ijl^l ^Ull ^JLui3 d^UJl LljjJI 

jlm 3-1 JSLi^j/\ + B = 90° 

sin B-blc- cos A cos B = a/c = sin A 

tan B = b/a = cot A cot fl = = tan A 

sec B~da- esc A esc = c/Z? = sec A 
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esc ^UjJI sec ^LUJIj <cot ^Loll J£j tan JJaJI <cos j>Ux)l 

iJljJU iial^JI iJljJI ,y>-y JljjJI oJla ^Ijj! ^ i3b 

.3-3 J£-£j j^j^aJI 

Example 3.1 Find the values of the trigonometric functions of the 
angles of the right triangle ABC in Figure 3-3. 




3-3 JS^ 



sin 4 = 


opposite side 
hypotenuse 




a 

c 


60 
" 109 


cos A = 


adjacent side 
hypotenuse 




b 
c 


91 

" 109 


tan A = 


opposite side 
adjacent side 




a 

= b 


_ 60 
= 91 


cot A = 


adjacent side 
opposite side 




_ b 
a 


_ 91 
= 60 



sec A = 



esc A = 



sin B = 



cos B - 



tan 5 = 



cot£ = 



sec B- 



cscB: 



hypotenuse 




c 


109 


adjacent side 




~ r = 


91 


hypotenuse 




c 


109 


opposite side 




a 


oU 


opposite side 


jAiJI 


b 


91 






c 


109 


adjacent side 




a 


60 


hypotenuse 


' JjP 


c 


109 


opposite side 


JAiJI 


_ b 


91 


adjacent side 




a 


60 


adjacent side 




a 


60 


opposite side 




= S" = 


91 


hypotenuse 




c 


109 


adjacent side 




a 


60 


hypotenuse 




c 


109 


opposite side 


JA2JI 


= b = 


91 



60°j 45°430° blj>U luiltl JljJJ! 

Trigonometric Functions of 30°, 45° and 60° 

60° j45° ,30° 4_^>UJt o^UJI MjjJJ 4jJdlJl ^...i.Jl jSUj 

«uUaj *ylSl« Lis L?t -J iJLP <toUo ^ r i' JSj .ioli" 4SJb 





sin 0 


COS0 


tanfl 


cot 0 


sec 0 


esc 9 


30° 


l 


h/3 


VJ 


V3 


IV3 


2 


45° 






1 


i 




V5 


60° 


h/5 


i 
> 


V3 


!V3 


2 


K/5 
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Trigonometric Function Values 2Uil2tl JljdJI a& 

iJLLuJI c^-jJI ^b*; IdbJI JljjJI JsL-J sjj jp oUJtf ^ 





sin 0 


COS0 


tan0 


COt0 


sec 0 


esc 0 


15° 


0.26 


0.97 


0.27 


3.73 


1.04 


3.86 


20° 


0.34 


0.94 


0.36 


2.75 


1.06 


2.92 


30° 


0.50 


0.87 


0.58 


1.73 


1.15 


2.00 


40° 


0.64 


0.77 


0.84 


1.19 


1.31 


1.56 


45° 


0.71 


0.71 


1.00 


1.00 


1.41 


1.41 


50° 


0.77 


0.64 


1.19 


0.84 


1.56 


1.31 


60° 


0.87 


0.50 


1.73 


0.58 


2.00 


1.15 


70° 


0.94 


0.34 


2.75 


0.36 


2.92 


1.06 


75° 


0.97 


0.26 


3.73 


0.27 


3.86 


1.04 



jTUl v ,_.y w :ukJI JIjjJI >Ui} r IJb*iJ jul* 

y» degree mode ^U-jjJI flk jl jj> Ji'Ul < r *>o (1) iJ^I oljJa>JI 

Ojl^l OU-jJ iJLP J^oj (2) liJ^l f Sc7 ,.,Ji fLfcill 
UJl ^ i^lkJI idbJI 4~Jl ^blo J* Jai^l (3) ( <--UJJ 
.^UJI iiLi ^Ip ijUaJI iJljJI iaJi \j\ (4) 

.tan 15° iJJliJI IL-jJI J^-jl v-UJI 4^1 f U>^-L 3.2 Jb> 
Example 3J: Find tan 15° using a calculator. 
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J-iol degree mode irjjJi (Ik ^ £*-UJI aJ^I j»ljL>«^l £» 'J^ 1 
^^JLp 0.267949 jjyi .(tan) ^blo Ja***l pJ" 15 i-uJI 

^ ^sl! oUUJI >±Pj .tan 15° = 0.267949 O^i lHJJJj IaUJI 

OL— «U- (I IVmwI Iw*>«jJ ^Jl>*1— aJI y^uUJI £jj ^ip JLaJJu' iiLiJl 

.CiliU- £l* Jii' ^ 

(inv)key tf ....<,,.U j-LuJI fhi,v ,,l .i^lkJI ijljlJ JLikJl 
JaJUaSj 4-JljJl JUol .(2d) key iJliJI iJljJt ^Lu* 
aJIjJI ^\uLaa U*.ji* ^^3»-jaJ1 (inv)key ^Isidl 

Accuracy of Results Using Approximations 

J-**iJl IJlj> ^yj gSLJI ^Ij^lJ jllp 

i^-i J-Sj -gj'^ y-j./JI I-lftA) ^^-55 p_> <y^~ *^ 
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Selecting the Function in Problem Solving 

OjljJl ^L-2)l cJbU.M £^U>1 jJU iUoJ JLLP 
SjL* CiiJI J>J JLslSJI JljjJI J* J-^jj 

.aJIjJI ^ .■<! L ,..,11 tjje r 11 jJ^iH ^j^. ^>** i-ibJI iiJIjtJl 
^^Jl c>L-JUp iJLiil Ly ip li* 

JljjJI jJJ UJI j*ljL>i^J JULPJ .4ft ...tfll oLJap J-^>JI 

j-a .^jbU ^^x^Jl 15° UjlJiio 4,jlj c~-£i' 

UlLJI J^L jl^jI .3-4 J5^ 

Example 3.3 A support wire is anchored 12 m up from the base of a 
flagpole and the wire makes a 15° angle with the ground, as shown in 
Figure 3-4. How long is the wire? 

#1 




3-4 jSi 
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iLj^UaJ! 4 f\u\\ JljjJJI j^. J-f jl 3-4 JJLill ^ :>11 
o^ikJI ^Lali JjLj ^ 12 j^UJI jJUaJI Jjk jA-ii* csc 15°j sin 15° 

^Jl lift J*- ^ oL-mUJI ^Ijl>«^I y J^-l oliiiJI ^L^- JjlJ^ 
J^-ii* i^yi Jjljj>Jl JS' c— J j£Jj «csc 15° f\j>tz«.[i JjL-aJI ja 
^Ijl^ul— 1 jljlpj cosecant ^L*Jl ^Lii jl secant ^kLii) iuiilJI v_^JI 
JL-^j ^ 4lH sin 15° 4jjIj]I c^>J aMuW XJIjJI ^Ju^-J oL-UJI 



.4jjI^1J cosecant ^UJI Ji»j iJljJJ ^\Ju 



Manual Solution 


Calculator Solution 


csc 15° = ^ or 
j = 12 csc 15° 

jc - 12(3.86) 

x - 46.32 
x = 46m 


sin 15° = — - 

X 

12 

x sin 15° 
12 

* = 0.26 
x - 46.15 
x = 46m 


• ,co 12 

sin 15 = — 

X 

12 

X sin 15° 
12 

X 0.258819 
x = 46.3644 
x - 46 m 



Angles of Depression and Elevation 
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4->jlj ^ B aL^\ A aLaJI ^Uio'il ijij 3-5 JSLi ^ 
jLijij U4-9 JJU JJj AB £j>Ljrti y oLjl,p 




3-5 JS$ 



pjUll SjUJI Uj^iJ iJdiuJ! JljjJ! JL^I 3.1 i)jU*SJL* 

fc = 24 ^^JU JljM Vj^H '3-6 JSLij US' ABC ijl^l 

.c = 25j 

Solved Problem 3,1 Find the trigonometric functions of the acute 
angles of the right triangle ABC, Figure 3-6, given b = 24 and c = 25. 



B 




3-6 

fl 2 = c 2 - b 2 = (25) 2 - (24) 2 = 49,a = 7 

A ^jU JljjJI 
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sin A : 



cos A = 



tan A = 



cot A = 



sec A = 



esc A = 



opposite side 




a 


7 


hypotenuse 




c 


25 


adjacent side 




_ 6 


- 24 


hypotenuse 




c 


= 25 


opposite side 




a 


7 


adjacent side 




" ft" 


" 24 


adjacent side 




ft 


_ 24 


opposite side 


JjUJI 


= — 

a 


7 


hypotenuse 




c 


= 25 


adjacent side 




= ft" 


= 24 


hypotenuse 




c 


_ 25 


opposite side 




a 


7 


24/25 


cos 5 = 


7/25 




25/24 


sec fl = 


25/7 





Iff ijlj JiJLj 
tan £ = 24/7 
cot B = 7/24 

fJLi 120 *JjL }Lfc g. :«a7 fJS 100 3.2 iJ iJL** 

v .„ft Al) ^Ui'j^l ijlj Jl>-jI .3-7 JSLij US' 

Solved Problem 3.2 A tree 100 ft tall casts a shadow 120 ft long, as 
shown in Figure 3-7. Find the angle of elevation of the sun. 




A ijlj iUiJ o^ILJIj AC= 120ft <CB= 100ft 3-7 JSLiJI y iJ^Ji 

tan/4 = —= — = 0.83 
120 

i4=40° 

cJl^ yJl 0* 120 apU'jI jLi 2aJ y 3.3 SJ ^b*j> SJL%* 
ojUJ! JLjuj, ^ .3-8 J£i* ^* 15° ^ cjjUJ ^Uk3^l hjij 

Solved Problem 3.3 From the top of a lighthouse, 120 m above the 
sea, the angle of depression of a boat is 15°, as shown in Figure 3-8. 
How far is the boat from the lighthouse? 




3-8 jti 



M= 15° ,3-8 J^i j^^JI ijlji! plUSI v^JbuJI ^ y :J*Jl 

^UlT J*J! ol^ oli <Cfl=120m 

coM= AC/Cfl 

AC = CB cot A = 120 cot 15° = 120(3.73) = 447.6 m 

.jUijl 447.6 ^jUJ! 
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^L-i ^jVl ^L- ^^x^ ^ ^ Uil 3.4 XJ ilL^ 
lJ Jp p i(X L*Jb 5 ,/* 4-*UJI £yJI ^Ui'jl U^jlj CJl^ 

.3-9 J^Lij £*?^o US' /i £yJl -^rji .i^^-J^JI 

Solved Problem 3.4 A tower standing on level ground is due north of 
point A and due west of point fl, a distance c ft from A. If the angles of 
elevation of the top of the tower as measured from A and B are a and (3, 
respectively, find the height h of the tower, as shown in Figure 3-9. 



D 




3-9 jti 



3-9 JJjIj ^yLT A CD ojljJI fj'UJ! bJI <y :J*ll 
j^oj .cot /3 = BC/h .BCD ojl^l pJUi)! i^JLuJI ^ cot a = AC//i 
.BC = h cot P j i4C = /icota Ijl ^a^UJt 

^.^cJLj (AQ 2 + (BQ 2 = c 2 :jt i^J ABC ijl^i pJUll d-UJI 

AC, BC 

h 2 (cot a) 2 + /i 2 (cot 0) 2 = c 2 => A 2 ((cot a) 2 + (cot ft 2 ) = c 2 

*- , c 

V(cota) 2 +(coty?) 2 
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</=2rsin(1807n) iJ^i S^UL olLto j~JLa> j* &l 

,n = 4 j r = 20in Oj&" Ujllp d isUJI JL^jl .S^IjJI . 



Solved Problem 3.5 If holes are to be spaced regularly on a circle, 
show that the distance d between the centers of two successive holes is 
given by d - 2r sin (180%), where r = the radius of the circle and n - 
the number of holes. Find d when r = 20 in and n - 4. 




3-io jSi 

\£ jA Lj* B j A jl yii 3-10 JSLij y> US' :J*Jl 

.C ^ 4jjIjJI /IOC dJLtJI jl 

. ■ „ AC dll d 

sin ZAOC= = = — 

r r 2r 



</ = 2r sin ZAOC 

= 2r sin LzAOB 
2 
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20andn = 4,d = 2-20sin45° = 2-2o(V2/2) = 20^2 



Practical Applications | 

JiU! i$jl4l ✓ 
Bearing ^jljJI ibuVl 

^1 A 'iLii £_UjJI L^CUflJ ^1 (oiU ijlj llsb ^j) 

.^LsjJIj oU-jJUojOJU tfjljJI sLpj-'il ^ ^1 ijl_jJI 

.4-1 JSLl >l JliJI Jj. 
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JU^ otjjl 35° jjlj .1*71 J^JI v>r 35° jfjlj .Ui'l 





S35'W 

ij>JI 6 UjI 35° j^lj iL,jl V >JI JU-1 dI*?1 35° jjlj oUjI 

4-1 jSi 

Bearing (jjljJI ©LjJ'il j^^m jl^ lall ^ ^fLiJl 

^ JL^JiJI Ja>- ^ /4B ^U-SJI oUjI y id* A 4kbll y fl *Lfc]J 
JL-aJJI oL*S'I y 4pLJI ^jUp jljj^ eU^'l a*«Uo 4 ik* J^U- 
>l JUJI J* (jyJI oUi'l J\ JUjJI oU:i ^ ^ lift) 

.4-2 JS^ 
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Vectors ul^hUI 

oIm'Ij jIjJu l$J Ajjuj* oLfti* ^ Vector Quantity 4^g«&J 1 
4A.flV.,..o 4. what i^yJI oL*£M J-^Uj' J^ajj .<p^«Jt j I ojiJI Jio 
4>caaJI J oLLaaJI 4*A$3l 4jhlXaJ1 oUvj'tj .A^aJl j' (p^) 

JL*-i 40° ^jlj oL^l ^ i>U/j^ 200 ^ Sy'lL 4.1 JbU 



Example 4.1 An airplane is traveling N40°E at 200 mi/h. Its velocity is 
represented by the vector AB in Figure 4-3. 



N 

B 




4-3 



j+s> 4>-j ^LJI *UI ^ <pL-/J~* 12 £ ^jli 4.2 JUU 
.4-4 J-SLi j_4 £*>lj j> .4pL-/J*< 4 aJ *UJI jU ^ 
J-^*j. |* "*J\ ^Lia j-jilj AB a^aJIj jUJI J^aj CD 4>wCaJI 

-Li*** AB 4^J! ^Jjjj .^U! *UJI ^ vjlill i*^ 

.CD 4>^JI Jlial 

Example 4.2 A motor boat having the speed 12 mi/h in still water is 
headed directly across a river whose current is 4 mi/h. In Figure 4-4, the 
vector CD represents the velocity of the current and the vector AB rep- 
resents, to the same scale, the velocity of the boat in still water. Thus, 
vector AB is three times as long as vector CD. 

a , iiaa — 

c 

4 mi/h 
D 

4-4 JSA 
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J^ajj 201b LajIjJLo 5jJ J-iUj AB 4_j*iJ1 4-5 JSLi J 4.3 JfcU 
CD 4^Jlj <oLmJI jjs*aJ u^^JI oUj^I 35° Ujljii^ ajjIjj 
ojtj-JI oUj^I £« 150° UjljJw ajj!^ J^j 301b Ujl.lio Sj5 Ji*j 

Example 4.3 In Figure 4-5, vector AB represents a force of 20 lb mak- 
ing an angle of 35° with the positive direction on the x axis and vector 
CD represents a force of 30 lb at 150° with the positive direction on the 
x axis. Both vectors are drawn to the same scale. 




4-5 




Vector Addition ulfcuil J** 

ol$ >bcJI bjA^J ^L^J^i Resultant 4-JUx>^J I 



.4-6(a) JSLi ^1 .oUj^I ^jJ& ^ j*4^»iaJ1 4aJ£) 

.4-60) JSLi .^>^uJ! Jb-V ^ Ml jIjlaJ! »UjI ^ iJL^JI 
. 75 75 



125 125 



200 50 
R » « R 

(a) (b) 
4-6 J*i 

js4-*aJI J-JUJ : Parallelogram Method (1) 

^ 4.1 so^iaJ I 4-7(6) ,^jWJI j.^'U.U 

.4-7(a) JSLsj ^^h-^jJI p 4 a 
jal ^aJI JL^I jU>J ITriangle Method i£ >5)1 dJb JJLjt (2) 

J£JI .eJiJI £OUI ^ jlsJI jJUJL 4**JI J**j 
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4-7(c) J-£-£j .iUiJl ^jjjJI oU^l ^oqjJUJI ^.$>^J1 
• P j a ^j****^ R iLa>*JI 4-7(</) j 




Components of a Vector 4*211 uLS>o 

F„ = F cos 30° 1^ 4-8 JSLi ^ F o^U JLirtl IS yA\ 4.4 Jli* 
jj^JI jl iJb-}U F v = F sin 30° v-tyi i^yJlj 

.F,, j F A ^"jiil iL^AJ ^^-^Jl 
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Example 4.4 In Figure 4-8, the force F has horizontal component F A = 
F cos 30° and vertical component F v = F sin 30°. Note that F is the vec- 
tor sum or resultant of ¥ h and F F . 




4-8 Jtt 



Air Navigation A^iUI 

oUjJ^I iJL^J) ey'lWJ jl^JJl oUj! y> Heading ^jljJI oUj^l 
ic-L-JI v^jUp jljji eUu'l ^ ^jljll ^Ujj .(iL^Jl ii*!^ 

oL^I j_a Course S^LDI jl *j>j .^Ul *l^JI ^ lj\U\ i*^ 

jljji eL^j'l^^J jL-Jl ^-Uj ^J^J 4*^31 oyllajl tfyd Lf *~d\ 

.JUjJI j^o ipLJi l_j j Up 
SyLUI 4*j-*, ^ Ground Speed syLJail 4~*j*>n ic-^Ji 

(c^r^Jl) jyJI ^ ajjIj) Drift Angle jL-J^l ijlj 
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jjljll 
heading 

4-9 Jfi 

.0 aL* J^U- ^ y>0N : 4-9 J£i J 

cjjUp jljj^ o^'t ^ gj\ Ajj\j ZNAW 

In Figure 4-9: ON is the true north line through 0 
ZNOA is the heading 
OA = the airspeed 
AN is the true north line through A 
ZNAW is the wind angle, measured clockwise from 

the north line 
AB = the windspeed 
/.NOB is the course 
0B= the groundspeed 
ZAOB is the drift angle 
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oUi^lj f 1^)1 i*^ Js*j OA .'ol^a* JLa jj la^i 

■££jJ1 <P^ 4**iOJ O^Uail 4P^< • 



Inclined Plane JjUI tf>L4t 

^^Jp Jl J.^ ojljj Ji\_- ^jx^ fj+y W p-»>- 





.4-10 jSLi ^1 .W jjjJI ^ cjISjM^j* E fl j F rf j^i diJjJj 
1 1.2° 4jji^ J^. jy-* 0 5()0 lb J** ^ 4 ' 5 J^* 

Example 4.5 A 500-lb barrel rests on an 1 1.2° inclined plane. What is 
the minimum force (ignoring friction) needed to keep the barrel from 
rolling down the incline and what is the force the. barrel exerts against 
the surface of the inclined plane? (See Figure 4-11.) 




4-11 jtt 



F d = 500 sin 11.2° = 500(0.1942) = 97.1 lb 

F fl = 500 cos 1 1.2° = 500(0.9810) = 491 lb 

(j-JJ <y J*^ <*rf & Jsl ui gx^j grid I 

.491 lb jjb ,jjL*JS J*iJI ijj 97.1 lb ^ JiJ 
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Ju^-ji .3001b uiJULJI ^ JLilliijji cJl^ li^i 25° ijljj ij-wJI 
jjtsl .F dULJI ^ jlsJI syl F v i^yJIj F, U^t JL*>JI 

.4-12 JSLi 

Solved Problem 4.1 A telegraph pole is kept vertical by a guy wire 
which makes an angle of 25° with the pole and which exerts a pull of F 
= 300 lb on the top. Find the horizontal and vertical components F,, and 
F, of the pull F. See Figure 4-12. 




4.12 Jtt 



¥ k = 300 sin 25° = 300(0.4226) = 127 lb 
F v = 300 cos 25° = 300(0.9063) = 272 lb 

^\s> J-*h ik-lje aUj J^j j>o, 4.2 i) i)L* 
oj-iJ U^l 4-S>JI J^jl(a) .100 lb UjljJUByidlJij 27° iijlji 

C^L-S' bl JL-lil SjJ> JL^jl (6) .4^-1^1 '<-Sj£\$ JL-iJI 

^j^l ^jx-* 100 b ^ djaU iJis^l 

Solved Problem 4.2 A man pulls a rope attached to a sled with a force 
of 100 lb. The rope makes an angle of 27° with the ground, (a) Find the 
effective pull tending to move the sled along the ground and the effec- 
tive pull tending to lift the sled vertically, (b) Find the force which the 
man must exert in order that the effective force tending to move the sled 
along the ground is 100 lb. 
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4-13 Jtt 




F fe -ioon> 

4-15 JSA 

LfT/ J| 100 lb JLiJI 5j5 JJUi" pJ' 4-14 J£ij ,4-13 JSLs ^ fo) 

•V-I^l JLiJI Sjii ^ F v *'<J»'i\ JLiJI 
F A = 100 cos 27° = 100(0.8910) = 89 lb 
F, = 100 sin 27° = 100(0.4540) = 45 lb 

F 4_>jlkJI JLJJI iyA Ui^l A^^JI 4-15 JSLij US' (&) 

Oil F„= 1001b ^ 
F = 100/cos 27° = 100/0.8910 = 112 lb 



J± jJb*Lo J* ytL-j W= 500 lb AJjj ^ 4.3 i) JJLo» 
*JI <JL>^ i-ajW Sj-Ji)! jlp-jI (a) .29° UjljJb iijlj 
ej3 J5I ^ U (/>) .£^^1) ^^4jJI Jjujl ijj jJ^*lJI Ji^l 

Solved Problem 4.3 A block weighing W = 500 lb rests on a ramp 
inclined 29° with the horizontal, (a) Find the force tending to move the 
block down the ramp and the force of the block on the ramp, (b) What 
minimum force must be applied to keep the block from sliding down the 
ramp? Neglect friction. 









^129* 










W 




4-16 jti 





ur^ F 2 < F i OjjJl JJUJ 4-16 J£i (a) 

^1 j^jjJI y^j- ^1 syjl ^ F, jl .F 2 ^^-Jl 

F, = W sin 29° = 500(0.4848) = 242 lb 
¥ 2 = W cos 29° = 500(0.8746) = 437 lb 

.jJbcJuJ! ^1 ^1 2421b (b) 



JU-2JI Li- 75° e^UJ jjljll oUi^l jtf lil 4.4 ilL* 

L± 165° ojlj, 4pL-/J^o 40 jhJI cJlT lij jL-JI 

4-17 JSLi ^til JL-sJI 

Solved Problem 4.4 The heading of an airplane is 75° and the airspeed 
is 200 mi/h. Find the groundspeed and course if there is a wind of 40 
mi/h from 165°. Refer to Figure 4-17. 



N 




(j*/n*j-) groundspeed = ^(200) 2 +(40) 2 = 204 mi/h, 
tan 0 = 40/200 = 0.2000 and 0=11° 20' 



course jL*JI oIm'I 
(jUJi .Uii) course = 75° - 0 = 63° 40' 
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odUII Uli^l JljOl J!>£tf! 

Reduction to Functions of Positive 
Acute Angles 



VXUi Uljjll ✓ 
Coterminal Angles fcjUaJil UjjJI 

sin (0 + «360°) = sin 9 cos (0 + n360°) = cos 6 

tan (0 + „360°) = tan 6 cot (9 + >t360°) = cot 9 

sec (fl + /i360°) = sec 6 esc (6 + «360°) = esc 9 
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Example 5.1 5.1 J\i» 

(a) sin 400° = sin (40° + 360°) = sin 40° 

(b) cos 850° = cos (130° + 2 • 360°) = cos 130° 

(c) tan (-1000°) = tan (80° - 3 ■ 360°) = tan 80° 

sin (jc + Inn) = sin jc cos (jc + 2nn) = cos jc 

tan (jc + 2n;r) = tan x cot (jc + 2nff) = cot x 

sec (jc + 2nn) = sec jc csc (jc + 2nn) = esc jc 

Functions of a Negative Angle AjJUJI JljJ 

•Oil -ijlj l^I ^ ^ ijlj Jl J*,* 
sin (-0) = -sin 0 cos (-0) = cos 0 

tan (-0) = -tan 0 cot (-0) = -cot 0 

sec (-0) = sec 0 csc (-0 = -csc 0 

Reference Angles ^Unuitl UjjJI 

blj .4. ^L-s^j *>! Lj^ Ijuj ijlj ^yh 0 lujlj cJl^ lil 

^Jic- n ol 0+n • 360° ojj-^ iojlj ili^ 
.360° J\ 0° UjjlJ Ujj iU, I 4^ 0°£ 0<36O°j 



0 Ajjlp R 4 , .,. 71 J I AJjljll ubyu ^^AJJ 

e 4^1^13 /? iijljU c~Jl JljjJl p-i 

JjJtfJI ^JL>«X«*JJ /? 4..«,y.uli 4?jljli O^UJI ijljJl A^* j***^ j^J. 0 









Quadrant for 9 


Relationship 


Function Signs 


I 


R = 6 


*L>-y> luihJl JljjJI 


n 


R=m°-e 


i*s»-j* csc/? isin/? 


m 


R = e-m° 


<*>-^o cot/? *tan/? 


IV 


fl = 36O°-0 


Vrj* sec/? icos/? 



uijjii aiiiiii u 

Angles with a Given Function Value 

J UjjJI Jb JL»j* JLLP .yjjU : S^J^ JIjJUU 4*Jdl ijL^o 

aJIjJI iU-i ^^Jj U«J ubjlj o^U Jb-jj 360° JlJ 0° iU^Jl 
^ iUikJI o\J%Jlj .aJIjJI i^J ij.UJjl UoJbJ SjjIjJI ^Ljlj 

»4.......Y.U 1 1 4JjljJI 4Jyu 4ijlj}t iUiJ.^f f J&Z«J JjLJI f^>Jl 
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.e ijyi vj^h -e iji^J JijjJi oii^p I 5.1 i) a)L^ 

Solved Problem 5.1 Derive formulas for the functions of -0in terms of 6. 




(0 (4) 
5-1 Jtt 



jJUoJI />,(JC r v,) Slrij 0 ijljl ^UJI jJUl P(JC, v) SluS 
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r\ r r 



cos (-9) = 7-=7 = cose 



tan (-0) : 



Xi JC X 

cot (-0) = —= — = — —cot* 

y\ -y y 



sec(-0) = " = 7 =sec * 



t] r r _ 
csc(^--=-=- 7 — « 

oLs^Jlj iJyw ^i- i)ljJI j£y Ujulp o^UJI dI* ^iwu Ijlpj 

jl ^^ij ijjlj * Ajjlj jj& loJUP iuLJb- Utful iSiLJI 

^ 90° j -270° j 180° j -180° j 270° j -90° j -0° j -0° Uj^l 

sin (-0°) = sin 0° = 0 = -sin 0° f sin(-90°) = sin 270° = -1 = -sin 90° , 
cos(-l 80°) = cos 1 80° j cot (-270°) = cot 90° = 0 = - cot 270°. 

e 'Ljjty ^uji jijjji 5.2 a) ji*u> JJL* 

Solved Problem 5.2 Verify the equality of the trigonometric functions 
for $ and its reference angle R where x> 0, y > 0, and r = V* 2 • 
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y X 

tan 0= — = tan R cot 0 = 7 = cot R 

x y 



r r 
sec 0=-= sec/? esc 0 = -7 = esc R 

x y 



sin 0 = — = sin /? cos 0 = — — "| 7 ) = -cos R 



tan 0= 77= "I7J = -tanrt cot 0= — = "I ~ I = -cot /? 



sec 0= ~ = 1 7 1 = -sec R esc 0 = ~ = esc /? 

,5-2(c) J£i >l .^u5t£51 C J1 ^ 0 ^ W 

(y) -x (x) 

sin0=— = — I — I = -sin R cos 0= — = H 7j = -cos /? 



tan 0= — = — =tan/? cot 0 = 77- 7 = cotfl 

-jc x ~y y 



" *= =T = "(rj - 77 csc * = ^ " "(7 J ■ * 



- 73 - 




- 74 - 



Variations and Graphs of the 
j Trigonometric Functions 

luftl jijail JJUiJl ✓ 
2uil2tl Jijan ul^uuU ✓ 
3ui&i jijju yiwi J4uti ✓ 

UlStl JljJU J^OJI 
Line Representations of Trigonometric Functions 

6-1 J_£i _^ail) . ( _y-L = j»J I £>jJI ^ ijlj ^ 0 jl ^jijii 

rj i fyS O .(iuySlI ^lySlI ^ JT ^ 6 ijlj ^ 

iA ^ 6 ijljU OX ^l.^! jj»»«JI jLid aJb-jll U^a» oUaS i^Jb 
0 X_ijljJJ ^jUJI jUJIj ,fl J obUJI jj*-J ^^J! .1*jHIj 
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A 4-Ja& J* Syi-llil J^-UjO p$ OX ^Js> MP .P ^ 

oLj±uji 4_,Lsui' 6-1 j-ijji *i>*4 \ys 

ol—ikJI vjLay OBR d OAQj omp i^UJI 

Mi 1 




sin Q- '-^r - MP 
OP 



cos e=— - = 0A/ 
OP 



n 

tan 9=—- =-^- = AQ 

OM OA 



MP OB 



n OP OQ ^ 

sec Q- =— = 00 

OM OA * 



_ OP o/? _ 

csc 6= = — = 0/? 

A/P OB 



^ iJljJI iUJj .iuJfc^o ^Lt ^ i4Q j OM ,A/P iuJ^JI jLili 

oJajil oLyjl l-IOJb* flljJI SjLiJj S^bJl 3Uj.iT... J I iJxill JjL 

J-lp i-^j^ Jj-& OR j 00 4_^^aJ1 iUJK^Ji ^Lillj .<a-Jl^*J! 
^JLp l^.Ls JULP- jjSij ijjljli ^/rjWI ^UJI ^ l^-Lii 
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As* 

Imimci from 


0° to W 


90* to 180° 


180° to 270" 


270° to 360° 


■in* 


/. from 0 to 1 


D. from 1 to 0 


D. from 0 to - 1 


/. from - 1 to 0 


cm e 


D. from i to 0 


D. from 0 to - 1 


/. from - 1 to 0 


/. from 0 to 1 


1MB 8 


/. from 0 
without limit 
(0 to +•) 


/. from large 
negative values 

to0(-»to0) 


/. from 0 
without limit 
(0 to +») 


/. from large 
negative values 

to 0 (-» to 0) 


cote 


D. from large 
positive values 
to 0 (+• to 0) 


D, from 0 
without limit 


D. from large 
positive values 
to 0 (+• to 0) 


D. from 0 
without limit 
(0 to — w) 


sec 8 


/. from 1 
without limit 
(1 to +«) 


/. from large 
negative values 

to -1 (-"to -I) 


D. from - 1 
without limit 

(-1 IO-0D) 


D, from large 
positive values 
to 1 (+• to 1) 


esc 6 


D, from large 
positive values 

to 1 (+SDtO 1) 


/. from! 
without limit 
(1 to +«) 


/. from large 
negative values 
to -1 (-ae lo-i) 


D. from - 1 
without limit 
(-1 to -«) 





6-1 JS£ 

V 
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lu&\ Jljall wljroU 
Variations of Trigonometric Functions 

pJ^^JI 3^5b J^- 4pUI c-JjUp jljji ^p^P J^^' P 4jaii 01 j^yii 

J*>^ .360° ^1 0° y> jl^U ^ 6 = ZAOP d\* A 

.(/) ^Ljj / -Jbljjf) .iJdiJl JljjJI jjff iuLS' 6-1 JSLi J 

\$&\ JljddJ ^jLuII jJUttl 
Graphs of Trigonometric Functions 

0 1 W 

.6-2 JSLli i>o^0 AjjiiiJI JljJI 0Li>LLP .49yuJi ^ 



X 


y * sin * 


y = cos* 


y - tan 1 


> - cot jr 


y » sec Jt 


y «= esc x 


0 


0 


1.00 


0 


±» 


1.00 


±» 


11/6 


0.50 


0.87 


0.58 


1.73 


1.15 


2.00 


7T/4 


0.71 


0.71 


1.00 


1.00 


1.41 


1.41 


*/3 


0.87 


0.50 


1.73 


0.58 


2.00 


1.15 


*n 


1.00 


0 


±« 


0 


±oe 


1.00 


2W3 


0.87 


-0.50 


-1.73 


-0.58 


-2.00 


1.15 


3ii/4 


0.71 


-0.71 


-1.00 


-1.00 


-1.41 


1.41 


5ir/6 


0.50 


-0.87 


-0.58 


-1.73 


-1.15 


2.00 


IT 


0 


-1.00 


0 


±» 


-1.00 


±» 


7«/6 


-0.50 ! 


-0.87 


0.58 


1.73 


-1.15 


-2.00 


5irf4 


-0.71 


-0.71 


1.00 


1.00 


-1.41 


-1.41 


4ir/3 


-0.87 


-0.50 


1.73 


0.58 


-2.00 


-1.15 


3m7 


-1.00 


0 


±w 


0 


±» 


-1.00 


5*/3 


-0.87 


0.50 


-1.73 


-0.58 


2.00 


-1.15 


7n/4 


-0.71 


0.71 


-1.00 


-1.00 


1.41 


-1.41 


llir/6 


-0.50 


0.87 


-0.58 


-1.73 


1.15 


-2.00 


2ir 


0 


1.00 


0 


i« 


1.00 


±« 
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6-2 JSLij idbuJI JljjJI oLl>*i« 




Horizontal and Vertical Shifts 



iiU,^ iLlj qIjj isihJI iJUU ^Ul j^JI 
j^LsJl js> ijJl &alj aJIjJI ^1 j** 
aJIjJI jy^i* 6-3 JSLij .jjfcJI iJljJi iojljj 
.illjJJ j^UmJl Ji3 iyLT 6-3 J£i ^^11 * j»Jlj y = sinjr 

J-j5J j-* £f^' Oj-^i 4-J±uJI aJIjJI )JjA\ Iji* .(6-3(6) 
.(6-3(c) J^Li ^l) c iij^jJI jIjuuj JiJ Jl jjUJI 

jIjlJuj ijl—j. JJ&j (6-3(^ J-£i d ^jl_*J1 jIjuLw IjL* 4JL1JI 
.(6-3(<?) J£i >!) 23U1 ijlj ^ d :U*JI £> Ji* oIjl^j 

Periodic Functions ^jj^alt Jljdll 

^a— J* SjjJl^o oljji ^ LfuJi j^&i' ^Jij * j JcuiJ /(*) iJb (^1 
iiolS' ojji ^ Ji^i iS*^b * **Jtf yUtf^li <^-uJb -Periodic 

^UJi «-^rj y*>U ajlLuJI JIjjJI oLl^ ol^i jl Jl*j JLibJl 
Oi* dAJjJj :tc ^ 'a>J}\ r Ui JJij JJkU Ujlu 2ti ^ JujIjJI gtli, 

^.o^LaJI Jjio y = COSJt ^^^JIaJI ^llU**! sin('/27C+JC) = COSJC (1) 

.jL<JI 4^s»- V271 Ujljju AsLyo >' = sinx 
j^y^uJI JjLj y = esc x ^^uJl <j£*>j csc^tc + x) = sec x (2) 

.j^aJI i$>. V 2 7i UjlJii* iiL^a >> = sec x 
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(a) y-iinx 




X 



(b) y-iinx + 2 




Y 

x 3* 




X 



6-3 Jtt 
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X 



6-3 jtt jjIj 



Sine Curves uotl uLi*i4 

^^JLp 2;r j 1 ^ y = sin x ^.i^JJ period ojjjJIj amplitude i*-JI 
^ a > 0 LoJjlp y = <jsin jc SJlji) jc p_*S aaJ J£Jj 
^ y = sin* a3IjJI j^i dUjJj > = sin;c ilijJI a J-*L>- 
y = sln aJIjJI i*- ui* x^lnlbj bx=ln Ljulp Cajj .2^ o^siJIj a 

Mb S^ziJIj 1 ^ b>0 Ujlp to 
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y = a sin bx IaJ^UUJ y->jJLI ^Uil ^-kJuJIj 

3 4i*_*. ^ = 3 sin 2jc ^ J^i dl) Dj 2fl/& tfjtfj a 4***- <j$& 

y = 3 sin j y = sin x J£i ^ 6-4 J^A? * 2; ^ 2 = n 

.jjUJ! ^ J* 2x 



Y 




6-4 Jtt 

liJLIij L^lua-I ^Uj. i^^JI tf^l sjuiJLp Jl&il iL*j 

j-js J-S3 oA>-lj ojji h*9y» y^Jl L5 ^-o 6.1 <U 

Solved Problem 6.1 Sketch the graphs of the following for one period: 
{a) y = 4 sin x\ (b) y = sin 3*; (c) y = 3 sin (V2)*; 
(</) y = 2 cos jc = 2 sin (x + ( l /2);r); 
(e) y = 3 cos (V 2 )jc = 3 sin ((Vi)* + (V 2 )/r). 
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.(6-5) J£i >l 

(a) y = 4 sin x 2k- o 4 = 4*-Jl 

(fc) y = sin3jt 27Z/3 = e ^xi) Ij 1 = iu-JI 

(c) y = 3sin(7 2 )x 2^/(1/2) = 4tt= iyUllj 3= a*JI 

(d) y = 2cos* 2^ = 5^1^ 2=i*-JI 

♦OtaLaJI ia^-V 

(c) ^ = 3cos(V 2 )x 4ff = o>^lj 3=4*JI 

Solved Problem 6.2 Construct the graph of each of the following: 
(a) y = Va tan x; (fc) y = 3 tan jc; (c) y = tan 3jc; (d) y = tan (Vi)*. 

^ l5 _l*lp J.S3 SLoUJ! oL-;lj^yij 4,;.,JI oUj^I 

.6-6 JSJi 
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(a) y = i t*n jr has period ir 



y - 3 t*n jc has period ir 




ie^l JIjjJ! ^ J£J L5 ^uJ! rJ l 6.3 II ^ JJL* 

Solved Problem 63 Construct the graph of each of the following: 
(a) y — sin x + cos x; (b) y = sin It + cos 3jc; (c) v = sin 2jc - cos 3*; 
W)y = 3sin2t + 2cos 3jc. 
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(a) y = sin jc + cos x 





r 








y - tin jc + coi x 


1- 






0 




\ \ V / / /2* 


-1- 





6-7(a) JfSt 



(b) y = sin 2x + cos 3x 









y - tin 2x + cot 3x 




f v-iin2x 








X \ \ / y - coi 3x 


0 






Y^CN V" r 


-1- 





6-7(6) JSS 
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(c) y = sin 2x - cos 3jc 




6-7(c) J*S 

(d) y=3sin2x + 2cos3* 
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Basic Relationships And Identities 



: >2fi to ^ 

Basic Relationships 3u^UVl uli^UJI 

Reciprocal Quotient Pythagorean 

Relationships Relationships Relationships 

esc 6= — !— tan 0 = sin 2 0 + cos 2 0 = 1 

sin 0 cos0 



1 ^ COS0 , 

sec 6= — - cot 9= t— 1 +tan 2 0 = sec 2 0 

cos0 sin0 

n 1 

C ° tan? 1 +cot 2 0=csc 2 0 

U-U-ii* ^Jl ^ ^ J_fl i^L-^l AJ±uJi ols^Ulj 

L^ju> 0^5 J£J ji^y sin 2 0 + cos 2 0=1 JliJI J^^Uj .iJljJI 
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^j-jju IJubj .as yu» tan 0 0 ^3 J53 tan 0= sin 0/cos 0 

0 4u*J IjlpLj) n £~>- 0*n «90° <s}UJI ^^-^ 0 ^ jl 

.cos 0=0 <sin0*O J**y ^1 

Simplification of Trigonometric Expressions 

Jlji ^1 o^mxJI jU^-I jl Jjj>«j' ipl^l y» 

-L-j sin 2 0+ cos 2 0= 1 k^diJI as^UJI plj^L-l 7.1 SJ jhx* i)Lw» 

.sin 3 0+ sin 0 cos 2 0 '.Ji^ ( jI£aS\ Ji7t *^\ 

Solved Problem 7.1 Using the relation sin 2 0 + cos 2 0=1, simplify the 
trigonometric expression sin 3 0 + sin 0 cos 2 0. 

sin 3 0 + sin 0 cos 2 0 = sin 0 (sin 2 0 + cos 2 0) = sin 0 (1 ) = sin 0 

Trigonometric Identities lulltl uUulblil 

^J* 0 J-SJ jJWj :LiLJ! JljjJI JaJj ^1 o^UJ! 
cos 0 esc 0 = cot 0 and cos 0 tan 0 = sin 0 

/\ JiiuJl J^Jali jLs^l li^APj y-^) 

itaUJI Jii ^ f o^UJl ,^^0 J>JI id** k-.-J 
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General Guidelines for Verifying Identities 



( J_j^>oj jj_*-5kJ1 jI_m2£>*Ij £j-J»J t*"^ C»ljJa>- 4_9 jjijo iwJj*J .2 

.aL^JI v^j^l iij^j 4.ftb>tft J t JJL>«uJl oLUaj ^^J)fl .3 

i_bUJI Jj»-V jUo^-Vlj ^.^cJi oLLp fljL^^J .4 

J^l JjAlii JjUj IjUUS ^liW*JI^> Jb-IjlsiJ .5 

* 

Sjj_*o ^ iuiiiJI JljjJI JS' Jj^xJ ^.^dl oULa-p .8 

.j*4£>-1 ^ cosnie isine 
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Solved Problem 7.2 Prove the Pythagorean relationships 
(a) sin 2 0 +cos 2 0 = 1, (fr) 1 + tan 2 0= sec 2 0, 
(c) 1 + cot 2 0 = esc 2 ft 

i 4 = ( JC 2 + y 2 = r 2 ) rjjj P(jc,v) iLLi) ^Ul J^l 



(x/r) 2 + (y/r) 2 =\ 



sin 2 0 + cos 2 0= 1 



1 + (yfr) 2 = (r/r) 2 l^'UI j^i jc 2 A ^■„S> (fr) 



cos' 



1 +tan 2 0=sec 2 0 Ijl ^1 

i 2 0^ sin 2 0+ cos 2 0=1 r^^UJl iu^ij 




(jc/v) 2 + 1 = (r/y) 2 Igi'lJI jii y 2 4 a^JL (c) 



cot 2 0+1= esc 2 0 :jl J\ 

sin 2 0 ^ sin 2 0+ cos 2 0= 1 libUJI ^ ^ 
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Trigonometric Functions of 
Two Angles 



Addition Formulas ^ulji 

sin (a + 0) = sin a cos/} + cos a sin 0 
cos (a + 0) = cos a cos /} - sin a sin /? 



.isiWI oliiUU ^1 jjljS c-tt 8.1 iJ^U, JlU 
Solved Problem 8.1 Prove the addition formulas. 

i+ry ! A L* Lljj ^ 0 ojljj a Jbjlj j| ; J^jl 

.8-1(6) JSLi tt + /}>90° j! -8-1(0) JSLi a + /3<90° 
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8-1 jSi 
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j^Jp ^j-a* PB p-^Jj ,0X ^Js> &y>s> PA .(a+ p) 

OX jj->*J1 ^jlf- <p>^ BC id ijjl^ ,yrjUJI jJLflJl 

.AP pJc^JI Js> &y>s> BD p^fcuJIj 

(BP 3 OB 3 t AP 3 OA) o>i*JI jOU^I ZAP0=a Iji! 
sin(a + /J) = 

AP AD + DP CB+DP CB DP _ CB OB DP BP 

op = op = op " op + op" ob'op + bp 'op 

= sin a cos /? + cos a sin /J 
cos (a + /J) = 

04 pc- ac pc -db pc £b__oc_ ob_ db bp 
op ~ op ~ op ~ op~ op~ ob'op' bp'op 



= cos a cos P - sin a sin p 
tan (a + /J) = 

sin(a+0)_ sin a cos /?+ cos a sin /J 
cos(a+/5) cos a cos P - sin a sin /J 



sin a cos 0 cos a sin 0 

cos a cos /J cos a cos 0 

cos a cos p sin a sin p 

cos a cos /? cos a cos /3 



tan a+ tan 
1 - tana tan /J 
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Subtraction Formulas (#1^2 

sin (a - ft = sin a cos ft - cos a sin p 
cos (a - p) = cos a cos 0 + sin a sin ft 

tan a -tan ft 
tanft 

,ijJbJ! ol5WJ C >JI jjl jS c^l 8.2 5J jJLm 
Solved Problem 8.2 Prove the subtraction formulas. 

sin (a - ft = sin [a + (-ft] = sin a cos (-ft + cos a sin (-ft 
= sin a (cos ft + cos a (-sin ft 
= sin a cos /J- cos a sin /J 

cos (a - ft = cos [a + (-ft] = cos a cos (-ft - sin a sin (-ft 
= cos a (cos p) - sin a (-sin ft 
= cos a cos /J + sin a sin ft 

tana + tan(-ft) 

t*(a-A = ton [o + <-/»]= tan (.^) 

tang+ (-tan ft) 
= 1 - tan a (- tan ft ) 

tan a -tan /J 
1 + tana tan ft 
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Double-Angle Formulas ?Ujl>ll <^*£ ttylji 

sin 2a = 2 sin a cos a 

cos 2a = cos 2 a - sin 2 a = 1 - 2 sin 2 a = 2 cos 2 a - 1 
2 tana 



tan 2a = 



l-tan 2 a 



.4jj1;JI ^Jjl* ^Jlj5 c*Jl 8.3 i) jl^ SJL*» 
Solved Problem 8.3 Prove the double-angle formulas. 

sin (a + 0) = sin a cos J3 + cos a sin JS » 
cos (a + 0) = cos a cos /J - sin a sin J3 1 

tan a+tan /? 
tan(a + 0 = |-,anatan/? ■ 

uLn^a) 4_ju ,<s yi oli^UJI Jj.JuJI gi'lj jj£J a ajjIjj 0 Ajjlj Jjux-J 

sin 2a = sin a cos a + cos a sin a = 2 sin a cos a 
cos 2a = cos a cos a - sin a sin a 
= cos 2 a - sin 2 a 

= (1 - sin 2 a) - sin 2 a=l - 2 sin 2 a 
= cos 2 a - (1 - cos 2 a) = 2 cos 2 a- 1 



tana + tana 2 tana 
tan 2a = ; ; =— — - 



1- tana tana 1 - tan a 
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Half-Angle Formulas tyW uu*j jrul^S 



., n . |l-cos0 
sin Vi0= ± 



... ,*+cos0 
cos Vi0= 1 



4 



Vl+cos0 l+cos0 sin0 

.Aijlj)! Ul*> ^Jly c~jI 8.4 3J i)Lo» 
Solved Problem 8.4 Prove the half-angle formulas. 

(V 2 0) ijlj^ « <>j\j Jj^J cos 2a=l - 2 sin 2 a iS^UJi ^ 
cos0 = l-2sin 2l /20 



. 2 .. Q 1-COS0 

sin 2l /20 = 



. w . . ,l-cos0 
sinV20 = ± 



2 

(V 2 0) ^ « ^jb J J-^-' cos 2a = 2 cos 2 a- 1 ^ 



cos0 = 2cos 2 V 2 0 - 1 
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cos 2 l /i0= 



, /l + cos0 

cos V*9 



■4 



sin-0 ff - 
my ,o 2— ±J1Z2»£ 

2 



l(l-cosflXl+cosfl) 1 l-cos 2 fl 
V(l + cos^l + cos^) = j(Ucose)< 

|(l-cos^-cos^) /(Ncosfl) 2 1 
V(l + cos*)(l-cos0)" \l-cos 2 * = " 



9 sin0 



| 2 l + cos0 
-cosfl 



^jjk tan V 4 0 SjLil jV bJU* ^ ^Laj*! oli C....J ± Sjli")!! 

.i^^ llsb ^ (1 - cos 0) ojlilj sin 6 SjUJ ^-jl 
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www.ibtesama.com 



UJiill u^Jlj ^aJlj j^JI #0 

Sum, Difference, And Product 
Formulas 



V.U2I LU?j UglU fotiij ^1 ✓ 



Products of Sines and Cosines 

sin a cos p = '/2[sin(a + p) + sin(a - 
cos a sin /? = Vj[sin(a + /?) - sin(a - /J)] 
cos a cos 0 = Va[cos(a + /J) + C os(a - #1 
sin a sin J3 = - Vj[cos(a + p) - cos(a - /})] 

•i^l oUWJ V >JI ^Iji ga^l 9.1 iJ ji^ iJU. 
Solved Problem 9.1 Derive the product foimulas. 
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sin(a + j3) + sin(a-/J) 

= (sin a cos P + cos a cos J3) + (sin a cos P - cos a sin p ) 
= 2 sinacos p 

sina cos P = l /a[sin(a + 0 ) + sin(a - p )] 

:d\ u. 

sin(a + /3 ) - sih(a - /? ) = 2 cosa sin /J 

:oM 

cosa sin /J = tt[sifi(a + 0 ) - sin(a - P )] 

:ol in 

cos(a + 0 ) + cos(a - /J ) 

= (cosa cos 0 - sina sin P ) + (cosa cos 0 + sina sin P ) 
= 2 cos a cos p 

cosa cos j9 = V a [cos(a + 0 ) +cos(a - p )] 

cos(a + ft - cos(a - ft = -2 sina sin 0 

:oii 

sin a sin 0 = -V2[cos(a + ft - cos(a - ft] 
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>U2il u£-j ayMj 
Sum and Difference of Sines and Cosines 

sin A + sin B = 2 sin V 2 (A + fl) cos V 2 (A - B) 
sin A - sin B = 2 cos V 2 (A + 0) sin l / 2 (A - B) 
cos A + cos B = 2 cos V 2 (A + B) cos V 2 (A - ZJ) 
cos A - cos B = -2 sin V 2 (A + fl) sin V 2 (A - fl) 

i^^j, u**> U <3/*Mj £*>Jl ctf'b' 

^UamwI ".2 

Solved Problem 9.2 Derive the sum and difference formulas. 

a-P= B j a + /3= A rji^yiilJ^Jl 
0=l/2(A-fl) j a=l/2(A + fl) !o! gas-J ^yiJI y 

sin (a + 0) + sin (a - ft = 2 sin a cos /3 libUJI j J^ty^^ 

sin A + sin B = 2 sin V 2 (A + fl) cos V 2 (A - B) 0\ g^s-J 

sin (a + ft - sin (a - ft = 2 cos a sin /? :<bUJl ^ ^jaJU 

sin A - sin B = 2 cos V 2 (A + 0) sin V 2 (A - S) • 01 gsi-i 

cos (a + ft + cos (a- ft = 2 cos acos /? ribUJI ^ ^j^IU 

cos A + cos B m 2 cos V 2 (A + B) cos V 2 (A - B) : 0 1 g^-J 

cos (a + ft - cos (a - ft = -2 sin a cos 0 !4bUJl J 

cos A - cos B = -2 sin V 2 (A + fl) sin V 2 (A -B) : 0! 
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Oblique Triangles 

Oblique Triangles ttUI £ltitM 

0^ J*-li "i CJi* j» oblique triangle JjUII cJaJI 

.10-1 JSLi ^1 .c <f> 
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c 




(b) 

10-1 jSi 



Law of Sines ^£ 

fl 6 _ c smA sin 5 sin C 

sin /4 sin fi sin C a b c 

.iJUhJI J>J o^l jylii g^l 10.1 i) i)L* 
Solved Problem 10.1 Derive the law of sines. 

.ip-jii^o i-jjlj ^j-fc B ijjlj 10-3 J-£-i Ujuj foL?- Ljjjj U-* 
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j>j-z>3 10-3 J-i^ IS AB MJU4)1 jl AB J* &y>* CD 

^ JT JACD ijljll pjUill liiiJI ^ .h y> j^jJI J> 01 
./i = asinfl i^jJlJ^ BCD ijljll p^UJI dJiJI ,y Ujlj h = bs\nA 

: A *jajJ! J jl» 10-3 JSLi ^ Oil 

/i = a sin ZDflC = a sin ( 1 80° - B) = a sin B 



a sin = b sin A 



o _ 6 
sin A sin 5 



j-o Jj-^p jl >4C ^^JLp 4Lij JjaP p— iiLJI ij^J 



^t7V . ' .i«i I 



(flC J* A ikii 
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a 6 _ c 
sin A sin 5 sin C 

Law of Cosines uu£- j^jL2 

L^J^. ^ ^ £^ ^ ii ^ ia ^ ^ 

^JUh ^ jj&dl JJa****JI cjLw> 4JLa l>-j^ka ^.j^-^t 

<j 2 = /j 2 + c 2 - 2&C COS 4 

fc 2 = o 2 + c 2 - lac cos 5 

c 2 = a 2 + fc 2 - 2a & cos C 

.disJI J>J r Usll y^r ^IjS guzJ 10.2 SJ jk%A i)Lw« 
Solved Problem 10.2 Derive the law of cosines. 

C 




10-4 Jtt 
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10-5 J£i 

: jl gr:?.,.; 10-5 «l0-4 J^i ^ ^ ACZ) i^ljJ I ^UJ I CiiJ I ^ 

.£ 2 = /i 2 + G4D) 2 

:j! gxaiJ 10-4 J£i ^ flCZ) ijljJI p^liil cJbJl ^ 
h-asinB and BD-a cos Z? 

i4D = i4fl - DB = c - a cos 5 

9 = A 2 + (AD) 2 = a 2 sin 2 B + c 2 - 2ca cos B + <j 2 cos 2 
= a 2 (sin 2 - B + cos 2 B) + c 2 - 2ca cos 
= a 2 + c 2 - 2ca cos B 

:d\ gx^-J .10-5 J£jJ BCD ijljJI pjUJI cJbuJI ^ 
h - a sin ZCBD = a sin (180° - B) = a sin B. 

BD-a cos ZCflZ) = <j cos (1 80° - B) = - a cos fl. 

AD = AB + BD = c-acosB ; jj | 

& 2 = a 2 + c 2 - 2ac cos B 
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^jjjJI l^lui*-! ^UjJI < r -y>r tfj\yb \£j>~^ jj^b 

.a 2 = fc 2 + c 2 -26ccosA :JUJ! JLp .Jj>*1) 

Solution of Oblique Triangles SdiUI ulSfitf > 

.dJiJi U^jj £}UVl Jl>l iUo.l j£h ^1 eJbJI > 

aUw J ^SUj, Ji>-V J*UJI jJU^b O^-*^ •! 

J-^J y j^U flju^-l) {Jf-^ <>j\jU Jj^*J* 

«i4 = 1 12°20' <a = 62.5 : jlT lij ABC cJLuJI 10.3 JJ JJU* 

.10-6 JSLi >l .C=42°10' 

Solved Problem 10.3 Solve the triangle ABC, given a = 62.5, A = 
1 12°20\ and C = 42°10'. See Figure 10-6. 



A 




10-6 Jtt 

5= 180° -(C + 4)= 180° - I54°30' = 25°30' 

_ q sinfl 62.5sin 25°3Q / _ 62.5(0.4305) _ 
sin 4 sinll2°20' = 0.9250 
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[sin 1 12°20' = sin(l80° - 1 12°20')=sin 67°40'] 

_ gsinC 62.5sin42 Q lQ / 62.5(0.6713) 
C= sin^ = sinll2°20' = 0.9250 " ' 

,fl = 25°30' ,c = 45.4 ,£ = 29.1 \^ i^iLJI ,1^1 

.5 = 68° «/U35° «c = 25 IS) ABC viJiJl 10.4 i) jiox* ilL*a 

. 10-7 JSLi ^1 

Solved Problem 10.4 Solve the triangle ABC, given c = 25, A = 35°, 
and B = 68°. See Figure 10-7. 




C = 180° - 04 + B) = 180° - 103° = 77° 



_ csin^ 25 sin 35° 25(0.5736) _ 
° = sinC = sin 77° ~ 0.9744 
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\b ^UJIJjL iUo.V 

„ , , csin£ 25 sin 68° 25(0.9272) _ 
For b: b =-—-=———= — i— — = 24 
sinC sin 77° 0.9744 

.5 = 77° j 6 = 24 <a= 15 .'^ i^LkJl fl^^l 

^ijiiw-ij Uaj^V &uji ijijJij cUsJi vy*^ -in 

.^^1 jJUiil iJLUJI ijljli at>«) j£aj 'v-^Jl 

.c = 421 ifl = 525 I jL-T lil 40C .:. UJ1 10.5 SJ iJL-y» 

.10-8 JSLi ^t$l .A = 130°50'j 

Solved Problem 10.5 Solve the triangle ABC, given a = 525, c = 421, 
and 4 = 130°50'. See Figure 10-8. 




sin C = 

csin/l 421sinl30°50' 421^.7566) A ^ .„ 

= = ~- — -= 0.6067 and C = 37°20 

a 525 525 

£=180 o -(C + A)=U°50' 
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_ asinl 525sinll°50' 525(0.2051) =M2 
sin ,4 sinl30°50' = 0.7566 

.6=142 jB=ll°50' «C=37°20' ^ i^ikJI 



6 = 224ja=132 IjLT 13) d-ltJI J-j» 10.6 iJ^v* XlL^a 

.10-9 JSLi ^1 .C=28°40'j 

Solved Problem 10.6 Solve the triangle ABC, given a = 132, b = 224, 
andC=28°40'. See Figure 10-9. 



c 2 = a 2 + b 2 - 2ab cos C 
= (132) 2 + (224) 2 - 2(132)(224) cos 28°40' 
= (132) 2 + (224) 2 - 2(132)(224) (0.8774) 
= 15,714 

c = 125 




B 




10-9 Jtt 
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sin A = 

flsinC 132sin28°40' 132(0.4797) J , , AMA , 

55 = — 777 — i= 0. 5066 and A = 30°30 

c 125 125 

sin 5 = 

isinC 224sin28°40 / 224(0.4797) nocn£ JD 1<M - 

= — = 7-: -= 0.8596 and 5= 120°40 

c 125 125 

(e^U- ijlj A j b > a \ jl O**-) lit ^>*lo 

j A + C<90° jl d^) 

A + B + C = 179°50' ZgffUl y if t 

,c=125 jfl=120°40' ,A = 30°30' :<y> i^ikJI ,1^1 

,f j^LS flJ^-Uj UW\ jOUVl !V 2)b» 

,6 = 37.8 <a = 25.2 : jtf IS j ABC C±aS\ J>. 10.7 U jU* JJL* 

,10-10 JSLi ^til .c = 43.4 

Solved Problem 10.7 Solve the triangle ABC, given a = 25.2, b = 37.8, 
and c = 43.4. See Figure 10-10. 



c 




10-10 Jtt 
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:>Ji 

i 2 ^- 0 2 _ (37. g )^(43.4) 2 -(2S.2) i _ 
co 2* 2(37.8X43.4) °- 816 ° 

and/l = 35 o 20' 

C 2 + a 2 -fc i . (43.4)' + (2S.2) i -(37.8) i 

13 2(43.4X25.2) °' 4982 

and B = 60° Iff 

a 2 ^-c t _ (252)' + (37.8) i -(43.4) 2 
cosC = — 2^6 2(25.2X37.8) 00947 

andC=84"30' 

.,4 + B + C= 180° IgrUI ,y JS*t- 
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i Area of a Triangle 

a^ui ^iji ✓ 

Area of a Triangle 2i^L*« 

.^LiSj^l ^ oJlpLS)! lJj-^j J-^U- lSjL-j dJLu 4*-L*dl 

.dJbui) UjjJIj £^L*Sll vj^s <^iuJi k-U* iUil j^4j. li^pj 

Area Formulas 4^L4I jruf>i 

ABC dlill ^ jLij jUjjO tfWI H i I jlSJWI 

Cases I and II. Given two angles and a side of triangle ABC 

a^Luoj A + B + C= 180° :3}U)1 fLio-L iilWl ijljjl jUjJ j£aj 

l-igJ iJLUJI ijjyi Lr _ ip l^j-Jw ^JU^il ^.bj 

_ a 2 sin flsin C _ ft 2 sin .4 sin C c 2 sin ^ sin B 
2 sin /I 2sin# ~ 2sinC ' 
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ABC £&\ J 

Case III. Given two sides and the angle opposite one of them in 
triangle ABC 

iiJUJI Jk-iaj i-^l O^ils plJL^l eJiJU iJbJI ijljJl aU* I ^SUj. 
£^>- l^i LJI ^ j^jljj ^Utf v^*^ ^LuJI 4>-L^ ^Uij^ "I" 
o-L^o iL^)! j^U- Ul^l ^iDjJj <pjJ*JI ^UJl ^ ojb-lj 

y** liUjtfj .LlJbuJi jsaU^J 4siliJI ijljll 4**^ clJLuJI 

,^1 J? ^^jiLo 4*-L* iUoJ JUL* 4ibJ* J* ^1 f 

ojj^m ijjijj ajSu t%^\ ^ juub ^1 .iv 

ABC ^ jroUJI 

Case IV. Given two sides and the included angle of triangle ABC 

K = {Vi)ab sin C = (Vz)ac sin B = (%)&: sin A 

ABC Ml! ^ Sj^J ^1 .V 

Case V. Given the three sides of triangle ABC 

uU fl i ^Jj*** ^mJI cjUaJ L yu^Jl jJl>JI (_£jL*y uJbJ 1 o-L-uo 
* = V»(a + & + c) \d\ 
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.11-1 JSLi >l K=( 1 / 2 )bc sin A. tf^JI gusJ 11.1 i) jU* S)L* 

Solved Problem 11.1 Derive the formula = (V2)fcc sin A. See Figure 
11-1. 




(a) 




ll-l JS4 

JC«(^)MB(^)te sin A 

£&j n.2 aJ jU* ilUo 

Solved Problem 11.2 Derive the formula 

j 

„ c 2 sin y4 sin B 
K = — — - — 
2sinC 

.A:=( , / 2 )^csinA .n-1 Ai^u^iaLJi^ :J*J» 
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csin £ 
sinC 



„ ..... . . ....csmfl . c 2 sin /4sinfl 

£ = ( l /2)fcc sin A = (Va) — — c sm A = — — — — 

smC 2sinC 



i^J^Lj*- Jji_* i at i*-L*o uL> <jU^ ^b*?. 11.3 SJ ilLtyt 

.105° ^ JjUJ ^1 ijljj f a5 42 

Solved Problem 11.3 A painter needs to find the area of the gable end 
of a house. What is the area of the gable if it is a triangle with two sides 
of 42.0 ft that meet at a 105° angle? 




n-2 jSi 

.C=105° jb = 42,0ft ja = 42,0ft :jl j^-J 11-2 J£i ^ :J*Jl 
K=( l h)ab sinC 

= (V2)(42)(42) sin 105° 
= 852 ft 2 
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^jLyi JL-^Ij^jUJl ,y> i^Uxp J\j>£*ys 11.4 SJjU^ i)L*» 
CJ^JI a^L-u> y .<-~i>Ji 9.0 cmj 5.0 cmj 3.0 cm ^ 
.^1 yljJlii /lyJI J^/ ^ j^JI 

Solved Problem 11.4 Three circles with radii 3.0, 5.0, and 9.0 cm are 
externally tangent. What is the area of the triangle formed by joining 
their centers? 




s = x h(a + b + c)= 17 cm 



= Vl 7(1 7 - 8X1 7 - 1 2X1 7 - 1 4) 

= V2295 
= 48 cm 2 
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h«S*l\ JljJLlI 
Inverses of Trigonometric Functions 

UJI iullli JljjJI ulftfe ✓ 
lu&M UAl uliiWI uLuam ✓ 

Via)! ^1 J'J^I ^ 

^ ul2M 1» Wl xioM ✓ 

44*5*1! 2bS&l JljjJI uli^ 
Inverse Trigonometric Relations 

j: = sin y 

ji <JiU*iJ J_»- ilbk jj& "j ji Ja»»w iajLw x jj& UjU* 
- 123 - 



y = 30°, 150°, 390°, 510°,'-210 o , -330°, ... I^j 
y = arcsin x 

ui_>yu v j£*j Ai^i iibLJI 43^UIl arc AaK y* p*J\t3 

* = tan y jl d*-*>- <y = arctan x j * = cos y jl C ..^ y = arccos * 

I ^Js- Ji y = cos" 1 x j y = sin" 1 * 4jj<ftj)t oUMdIj 
J— £aj x 4-jjIjD ^LftJl y^f" jmjSjiaj .jc ojljil tfjSjm 

jl j-^Aj. j£Jj iJdbuJI oti^UJI ib^ juip C^j 

yj»y > jUJllj .l/sinjc = (sinjc)" 1 iS^Ullj sin" 1 * 4i}UJl Jai>- ^J^j. 
.dJi ^1 4^UJ! jup UiiJI JljjJU yJU! ^Vl ilcT jjlp 2L.UI 

UJI a^ll utftWI uLuMJ 

Graphs of the Inverse Trigonometric Relations 

ULhr*uj * = sin;y i3}UU ^^uJl ^pij jjb >» = arcsin jc *49lWl 

Op cfJLSJJj .IftJj.Juj* p-i* y J x d\ ^ = sin jc 44}UJ1 ^ 

jj«>*Ji ^^-U {J-—* j* y*>M i,/** 1 * (j*" SjW* ^* > = arcsin x ( y> B iJl 
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ijtfiXi jijatl 

Inverse Trigonometric Functions 

y i-*Jl ^1 ol ^j-^. -Jb* 

4a-J <J J-*- * = - V2 LoJULPj )' = 7t/6 AaJ 

arcsin x o^LnJI |»' . .(hi iu*«L»Vl ojI^aJI ^Jt)l oIaj ,y = -7z/6 
4. I iUibJI JljjJl oli^UJ ii^lyJI j^llj .jJj <arccosjc j 
^ J^J i^UVl ^Jdt ^y^uJl .^1 <tan~'x <cos~ j jc <sin _, jc 

j^lj (0 J\ 12-l(fl) J£$ J ij-fidl oli^WI 





1 — x 





Principal- Value Range 2LwL/¥l Xy2i\ i$dA 

Ujlip 4«.X*\\ JljJli] I^L^l i*JiJi ^ Oya)>Jl uib^l 

Lfjl ^^Jp 4., M gtll i*ibJI JIjjJI Jyu* J^Ldl ^LJ 
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^ (Capital Letter) 5j~S31 vij>>*JI {J**l*S ^U-SoJI i^U^l 

JS'L^a I JljjJI y... -J ^ lijaPj .4^-^*11 oli^UJI jyj 

UJI ILttM ulSM 2UUII ^1 
General Values of Inverse Trigonometric Relations 

L*j>Jb i>J ^1^* O^s ia^Uo y JL-SUJ! iu&hJl 43^UI! 

y, + 2nn and y 2 + 2nn 

JljjJI^ J^iuJi J^jl 12.1 JJjbxA iJL* 

Solved Problem 12.1 Evaluate each of the following: 
(a) cos (arcsin3/5), {b) sin[arccos (-2/3)], and (c) tan[arcsin (-3/4)] 
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(») 





Y 






0 








N 











(c) 



12-2 Jtt 

sin 0=3/5 jij ,0= arcsin 3/5 :0I J> j& (a) 

•Jj^ eJ 1 ^ e l^^ 1 e^ 1 - 12 - 1(fl) J 5 ^ 1 ^ 

cos (arcsin 3/5) = cos 0 = 4/5 

cos 0 = -2/3 Ji| ,0 = arccos (-2/3) : j! ^ yii (/>) 

. Jldl gjl ^ 0 ijljJ ^UM .12-1(6) JSLlJI y 

sin [arccos (-2/3)] = sin 0 = V5/3 

sin 0= -3/4 jil ,0= arcsin (-3/4) :ji J» y* (c) 

•ey e^ 1 1> cr- 1 ^ 1 e*j" • 12 - 1 ( c ) J**" ^ 
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tan [arcsin (-3/4)] = tan 0 = -3 / f?~ = - 3^7 / 7 

Solved Problem 12.2 Evaluate j>\ U iaJ J^j 1 112 iJ jbw S)L%» 

sin (arcsin 12/13 + arcsin 4/5) 




12-3 Jtt 

0 = arcsin 12/13 
0= arcsin 4/5 



£>J\ uL*tt tf> j 0 5-hjIj jl gi^J 12-2(a) j (*) JSLsdl 

sin (arcsin 12/13 + arcsin 4/5) = sin (0 + 0) 

= sin 0cos 0 + cos 0sin jjiU) 



ill JL 4 - — 
13 *5 + 13 ~ = 65 
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Trigonometric Equations 



Trigonometric Equations 2Lu&l utf jUtl 

V equation <J>U« jJLkoa p.U«s. M » J-*dl IIa 
.conditional equation iisyiJI aJjUaJI 
Ju-j aL^^I sinx = 0 iJdiJI ibUJ! J>Jj 
jc = 0 :Uaj sin;c = 0 ibUJU j>U Jb^j* fliUJI Ji»J ^1 jc ijljll 

. x = ttj 

^jl-p Jurji C^*p sUmJI iji^ 1 ibU*AJ J>- JLa jtf 13 J 
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* = 0 + 2n;r jc = /r+2nff 

Solving Trigonometric Equations 4ul^l uVjWI 

Uiiil utfjW! JjU3 UlSUl (A) 

(A) The equation may be factorable 

\a^H\ 4-ikJI ibUJI > 13.1 i) 5)Lj» 

Solved Example 13.1: Solve: 

sinjc-(2sinjccosjc) = 0 
sinx-2sin;ccos*=0 libUJI lJ*Jl 
sinx (1 -2cosjc) = 0 <o jJi>dl gjli <jj£J 

jjSo ylrfaJL iljUAJI J* SljL-AJ 

sin x = 0 and x = 0, ;r 
or 1 - 2 cos jc = 0 and cos * = V2 and x = ji/3, 5^3 

sin*- 2 sin* . cosjc !lJL*Sll ihUdi ^ x p-i ^^dlj 
sin*-2sinjccos* = 0-2(0)(l) = 0 * = 0 Julp 

sin jc- 2 sin* cos j:* 1 /^ -2(V 2 V3 )(V 2 ) = 0 * = ^3 Jup 
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sin x - 2 sin x cos x = 0 - 2(0)( -1) = 0 



X= K JJ* 



sinjc-2sinjccosjc = -y2>/3 -2(-y 2 fi )(V 2 ) = 0 x = 5n/3 ±& 

.5^/3 j n iKll tx = 0 : y> (0<x<2;r) SjXaJ! ^ l-j^LLJI J*JI oil 

4ku*j 4jjjS 4)1 Ju iljWb JajjlUI JIjJJ! J* jtujlU! (B) 

(B) The various functions occurring in the equation may be 
expessed in terms of a single function 

NLy'Jl ajJLuJI AhUJI 13.2 iJ ULj> 
Solved Examplel3.2: Solve: 

secjc+ tanx = 0 

1 sin x 

secjc + tanjc= + =0 

cos x cos x 

Iuj^I gi'lJ OjSLJ cosjc ^ 
l+sinx = 0 or sin jc = — 1 
A3j*ji tan* j sec x JljJllI c— Jj .jc=3/t/2 gi'LJI OjSo a)jUJI J>«jj 

(C) Both members of the equation are squared 

SaUJi J*- 13.3 J) jIm JJU. 

Solved Examplel3.3: Solve: 

sin jc + cos x = 1 
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J u ,„v Jj—i (B) 4-Jb>M ^jfe^JI ol^UiJI bui'l lil :J*N 
JUUj ±Vl-sin 2 jc jlj^Jlj cosjt jl ±Vl-cos 2 jc jI-UuJIj sin,t 

sin x = 1 - cos x 

sin 2 x = 1 - 2 cos x + cos 2 * 
I - cos 2 jc = 1 - 2 cos jc + cos 2 x 
2 cos 2 * - 2 cos jc = 2 cos * (cos jc - 1) = 0 

.x = 3n/2 iX-nll icosjr = 0 ,ibUJI 

X = 0 <C0SJC = 1 ♦ibljuJI {jAj 

sin jc + cos jt = 0+1 = 1 jc = 0 Jiip 

sin jc + cos jc — 1+0=1 x = n/2 Jllp 

sin * + cos x - -1+0*1 jc = M2 JUp 

.x=7t/2 jx = Q \y> iJiUJ! 0^ iij 
^ ^ ^ A^i'UI ibUJU ^yl* I J*- ^a— * jc = 3tt/2 iftJ^ 

sin 2 jc = 1 - 2 cos jc + cos 2 jc 
sinjc = cos.v- 1 tAbUJI ^Jo g>ji> 1$Jp J^mJI ^j, 
.5^Vl SbUJI oJA Ji»J *= 3*/2 ujd dUJJ j 
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tiuj&\ >ld*2*b J*ll (D) 

(D) Solutions are approximate values 

\i<sH\ iuihJI ibUJI 13.4 aJ 2ULu> 
Solved Examplel3.4: Solve: 

4 sin * = 3 

4sinjc = 3 lAbUJI ^ :J*Jl 
sin x = % = 0.75 Ij I 

x JL-jJL J**)lj 0.85 ^ 4. ...7:aM iijljllj 
* = 0.85 j jc = ff- 0.85 = 3.14 - 0.85 = 2.29 

4 sin 0.85 = 4(0.7513) = 3.0052 * 3 x = 0.85 -Up 

4 sin 2.29 = 4[sin (3.14 - 2.29)] x = 2.29 -Up 

= 4[sin 0.85] = 4[0.7513] = 3.0052 * 3 

d\-s i*JL)jjj ijZL* sin 2.29 l->L-»- iL-UJl Sl^Il pl-li^-l -Upj 
.4 sin 2.29 = 4(0.7513) = 3.0092* 3 Igli 
.2.29 j 0.85 j* ^yb ^ju Ljjrt J*Jl grUj 

yjij j»ijt>«£«*«l »n^>^. 4-taUaJi J_*i>s^ ^^ys3l gS'l — ;Ji Jut- 
.<U^iia<Ji <U-Jill Ljjib ^ Cr^^ 83 V^-/**^ 
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(E) Equation contains a multiple angle 

sutbuJi a^uji > 13.5 aJ jU* JJL** 

Solved Example 13.5: Solve: 

cos 2x - 3sin x + 1 = 0 

cos 2* - 3 sin x + 1 = 0 

(1-2 sin 2 jr) - 3 sin x + 1 = 0 :cos 2jc ^ .yuy^l 

- 2 sin 2 x - 3 sin jc + 2 = 0 (-) ^ SlaUJl 

2sin 2 *+3sin*-2 = 0 t^LJIOjC, 

(2sinx- l)(sinjc + 2) = 0 

2 sin - 1 = 0 libUJl jaj 

sin x = V 2 
x=7t/6 j jc = 5^6 

sinjt + 2 = 0 lihUdl 

sin x = -2 

.jc ^ JS3 -1 <sin*< 1 !ji 4bUJJ J>- J^. ^ 

Uljjll ibdji J*£j uViLw (F) 

(F) Equations containing half angles 

IJLy^l ijJ*J! a^UJI J>- 13.6 U p%A UL*» 
Solved Examplel3.5: Solve: 
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4sin 2 (7 2 )*=l 

4 sin 2 (V 2 )jc = 1 
sin 2 {Vi)x = Vi !4 JLp JibUJ I S > 4+~L 

sin (V2)* = ±V 2 

0<x<2tc !o^IJ^ OjSo' ijiiiJl c/>bUJi J*- i^lkJI * 
j^ij jiLJI JUJ1 ibUJi J*- ^ ijUaJI * aaJ d\* dl3iij 

.0<( 1 / 2 )^<^o J xiJiJ^ 

sin (7 2 )jc = 7 2 (7a) * = ^6 and 5/i/6 
jc=;t/3 and x = 5k/3 
:jl ^ 4bUJJ J>- J^jj ^ .sin(7 2 )* = -(7 2 ) ibUJI 

,0<(7 2 )jc<7r5yiJI jt ^5 J53 sin(7 2 )x>0 
,5ti/3 jjc = 7i/3 i^LJI jc p-i j^ScJ 
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(A) 

Abscissa oL*ljb-)lt 

Acute angles oaUJI Ujjll 

Adjacent side jjW"*^ ^JUiM 

Air navigation i*^J 1 o-^UJl 

Amplitude <a~JI 
Angles and applications 

Angular velocity ^jljl I I 

Approximate numbers i-j-ytdl jIjp^I 

Arc length j*yM J£ 

Area of a sector I o-L*j 

Area of a triangle £JbuJ I i^L~» 
(B) 

Basic relationships and identities 

Bearing ^jljJI ©Ui'ill 

(C) 

Circles y'ljjjl 

Cofunction iiil^JI JljjJI 
Complementary angles 

Components of a vector 4?cJI oLS' y 
Conditional equations 



Coordinates 
in a plane 
on a circle 
on a line 

Cosines 

Coterminal angles 
Degree 

Depression angles 
Directed line 
Distance ofP 

Elevation angles 
Equations 



(D) 



(E) 



P Juu 
L \*j1\ [fa 



(F) 



First quadrant angle JjMl ^Jl ijlj 
Formulas jjl jii 
addition of angles L Ijjl 1 
area of a triangle ^JlJl i>U» 
double-angle « 
half-angle ijyi » 

products of sines and cosines 

^UJI >^>JI <~j J-^U- 
subtraction of angles 
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sum and difference of sines and 
cosines 



^UJI y N (ij^b ^^»Ji ,jjlj5 

(G) 

General angles i*U)1 WjjJI 

Given function value angles 

Graphs o L:>«ui t 

(H) 

Horizontal and vertical shifts 
Hypotenuse 

(I) 

Identities oUlkJl 
Inclined plane JjLJI^^—JI 
Inverses of trigonometric functions 

JljjJ! 

(L) 

Law of cosines ^Ld I y-^. ^Jl y 
Law of sines i>*' J* 

Line representations 

p .ay,,, Jl Jx>Ji J-£aj 

(M) 

Measures of angles Lljj) I ^ U 
Minute £Lu 

(N) 

Negative angles <JLJl Wjjll 



Number scale 



(O) 



Oblique triangles ilsU I olikJ I 
Omega 

Opposite side JjUJI ^JLaJI 

Ordinate ^'^1 

Origin J-*^J *^ 
(P) 

Periodic functions ijj J I J I j jJ I 

Plane angle ijlj 

Practical applications aJu* oUJai 
Principal-value range 

Pythagorean relationships 

(Q) 

Quadrantal angles JLjuj Ujj 

Quadrant signs of the functions 

Quotient relationships 

(R) 

Radian 

Radius vector of P 
Reciprocal relationships 

y-Jl OjIiU CiU^U 
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Rectangular coordinate system 

Reduction to functions of positive acute 
angles 

Reference angles tljjJI 
Resultant il^Jl 
(S) 

Simplification of expressions 

Sine ( r ^»- 
Sine curves oU>*i* 
Standard position angles 

(T) 

Trigonometric equations 

^ikJI ofcUJI 
Trigonometric functions of a general angle 



Trigonometric functions of an acute angle 

bWI Uj>U iJLbJIJIjjJi 
Trigonometric functions of two angles 

(U) 

Undefined functions 4* j*J I j** Jlj J I 

(V) 

Values for functions JljjJ 1 i*J 

Vectors oL^oJI 

Vector sum ol^cJI 

Verifying identities oUulkuJI J^Sm 

Vertex ^1 

(X) 

X coordinate 

(Y) 

Y coordinate tfaUJI ^Ijb-)!! 
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